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In impact mechanics, the collision between two or more bodies is a com-
mon, yet a very challenging problem. Producing analytical solutions that can
predict the post-collision motion of the colliding bodies require consistent mod-
eling of the dynamics of the colliding bodies. This dissertation presents a new
method for solving the two and multibody impact problems that can be used
to predict the post-collision motion of the colliding bodies. Also, we solve the
rigid body collision problem of planar kinematic chains with multiple contacts
with external surfaces.
In the first part of this dissertation, we study planar collisions of Balls
and Cylinders with an emphasis on the coefficient of restitution (COR). We
conduct a set of experiments using three types of materials; steel, wood, and
rubber. Then, we estimate the kinematic COR for all collision pairs. We
discover unusual variations among the Ball-Ball (B-B) and Ball-Cylinder (B-
C) CORs. We propose a discretization method to investigate the cause of the
variations in the COR. Three types of local contact models are used for the
simulation including: rigid body, bimodal linear, and bimodal Hertz models.
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Based on simulation results, we discover that the bimodal Hertz model
produce collision outcomes that has the greatest agreement with the experi-
mental results. In addition, our simulations show that softer materials need
to be segmented more than harder ones. Softer materials are materials with
smaller stiffness values than harder ones. Moreover, we obtain a relationship
between the stiffness ratio and the number of segments of softer material to
produce the physically most accurate B-C CORs. We validate this relationship
and the proposed method by conducting two additional sets of experiments.
In the second part of the dissertation, we study planar collisions of hybrid
chains of balls and cylinders with an emphasis on the post-impact velocities.
We use three types of materials including steel, wood, and rubber. We perform
the collision experiments of balls and cylinders for three, four, and five-body
chains and obtain their corresponding pre- and post-impact velocities. We pro-
pose a discretization method to accurately calculate the post-impact velocities
of the colliding bodies in the chain. We use the bimodal Hertz contact force
model and employ the Ball-Ball COR at the contacting segments to analyze
the impact dynamics of the colliding objects.
A relationship between the stiffness ratio and the number of segments of
softer material is used to determine the required number of segments for each
ball and cylinder connected in the chain. The simulation runs show that by
using this relationship, we obtain the greatest agreement of the post-impact
velocities of the colliding bodies with the experimental results.
Finally, we consider the rigid body collision problem of particle based multi-
branch kinematic chains with external surfaces. One end of the chain strikes
an impact surface while other ends are resting on contact surfaces. The chain
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consists of two types of primitive building units, a mass with a revolute joint,
and a connecting rod. A solution to the problem was presented before. Yet,
the uniqueness and existence of solutions were not proven for the general case.
In this chapter, we use the linear and angular momentum principles with a
set of complementary equations to analytically prove that the solution exists
and it is unique. The task is to find critical configuration conditions such that
a contact mass has zero normal velocity, and normal impulse. We present a
mathematical development that expresses the normal velocities and impulses
at the contacting ends in terms of the normal impulse at the impact point.
The approach not only proves uniqueness and existence, but also yields precise
conditions to detect the so called critical configurations of the chain. When
the chain has a critical configuration, the normal velocity and impulse at a
contacting end become simultaneously equal to zero.
We apply the proposed methods to obtain critical configurations of two nu-
merical examples: a three- and a five-mass chains. Finally, we experimentally
verify the existence of the critical configuration for a three-mass chain on flat
and inclined surfaces with different inclination angles.
vi
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Chapter 1
Introduction & Literature Survey
1.1. Impact Theory
In mechanics, impact is a complex phenomenon in nature that occurs when
two or more bodies collide [2]. Impact is also a complicated, sudden, and short
term encounter for two bodies in contact [3]. The collision between two rigid
bodies produces normal impulsive forces at the contact region [4]. Impact can
also be characterized as changes in the velocities of colliding bodies resulting
from high reaction force in which the colliding bodies experience elastic-plastic
deformation and energy dissipation in different forms [5]. Impact is charac-
terized as an impulsive motion in which the contact forces experience sudden
changes [6]. Keller stated that in rigid body mechanics, a collision between
two bodies with a single point of contact is considered to be instantaneous, in
which bodies exert an impulsive reaction force opposing each other [7]. Im-
pact exists in many engineering applications and problems such as multibody
systems, robots, and machinery design [8]. Impacts or collisions are usually
accompanied by important characteristics that must be taken into considera-
tion including acceleration, deceleration, velocity changes, energy dissipation,
and high forces [9]. Impacts can have fully plastic collisions where the relative
post-impact velocity of the colliding bodies is zero [10]. The classification of
impact problems, however, is built upon the system’s motion before and after
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the impact [11].
In general, there are four different types of impact [5]. Central impact
occurs when the center of masses of the colliding bodies are aligned on the line
of impact. Eccentric impact occurs when the center of masses of the colliding
bodies are not aligned with the line of action or impact. Direct impact occurs
when the impact occurs when the colliding bodies initial velocities lie on the
line of impact. Finally, an impact is oblique if the colliding bodies initial
velocities are on an angle. Impacts are considered to be continuous processes,
which last for a very short period of time. These impacts cause changes in the
geometry and discontinuities that might exist as a result of the collision. It is,
however, important to take into account these characteristics that result from
collisions in the design of mechanical systems to avoid failures or permanent
damages.
Generally, there are two main methods for approaching the solution of im-
pact problems that are: the instantaneous and continuous based methods [12].
The instantaneous method is based on the impulse momentum definition [13].
In general, the instantaneous method assumes that the colliding bodies are
rigid and the period of collision is very short. It can be considered a piece-
wise analysis [10]. This method was first studied for the collision between two
spheres with no friction by Newton [14]. Whittaker expanded Newton’s work
to take into account frictional effects [15]. Brach expanded Newton’s work
and developed an algebraic solution for the impact problem in the presence
of friction [16]. He also proposed that in the presence of friction or tangential
effect, the tangential definition of the coefficient of restitution can be used to
describe the tangential effects on the tangential motion [17]. Wang and Ma-
2
son used the Routh graphical representation to solve the impact problem and
proposed an analytical expression for the frictional impulse [3]. Their solution
of the rigid body problem is based on the fact that the collision process is
abrupt, reactions are impulsive, discontinuities in the kinetic variables exist,
and no deformations occur during the collision process. They also concluded
that the forces beside the contact region reactions are negligible. These as-
sumptions, however, limit the applicability of the mathematical formulation
of the instantaneous method since it opposes other types of collisions except
for very rigid bodies. Several authors, however, showed the applicability of
using the instantaneous method for impact problems involving flexible bod-
ies [18, 19]. They concluded that the effect of these types of collisions on the
coefficient of restitution is very little. Furthermore, Keller proposed an in-
tegrative process to solve for the impulsive forces based on the coefficient of
restitution [7]. Smith, however, demonstrated Newton’s work and proposed an
algebraic approach to solve the impact problem based on Newton’s kinematic
definition of the coefficient of restitution [20]. The simplest way of solving the
problem is by using the principle of conservation of linear momentum and the
kinematic definition of the coefficient of restitution. A kinetic energy balance
can be used as well to produce unique solutions for the impact problem. This
fundamental approach connects the moments prior to and after the collision
and produces unique solutions for the post-collision motion, particularly re-
garding, the post-collision velocities. This approach requires knowledge about
the initial conditions. In addition, knowledge about a physical value of the co-
efficient of restitution is necessary in order to solve the impact problem [21,22].
The instantaneous method has always treated impact problems as systems of
3
particles and unconstrained bodies. However, researchers have extended this
assumption to solve impact problems in constrained systems using the impulse
momentum approach [23].
The second method for solving impact problems is known as the continu-
ous based method [13], also known as the compliance based method [24]. This
approach assumes that the interacting or colliding bodies act in a continuous
behavior. In addition, it allows the contact forces to be part of the system’s
equations of motion. In the continuous based methods, local compliance is
considered and the collision period can be divided into two main phases: com-
pression and restitution phases, where the dynamic behavior of the colliding
bodies is mainly governed by material properties, configuration, and initial
conditions of the colliding objects [3,5,9,16]. When the colliding bodies are in
contact, the compression phase starts by converting the initial kinetic energy
to elastic potential energy. This phase lasts until the normal relative velocities
of the colliding bodies are equal and deformation is at its maximum. Once the
compression phase ends, the restitution phase starts and the colliding bodies
begin to leave each other while remaining in contact. The restitution phase
ends when the colliding bodies are fully separated from each other. During the
compression phase, the kinetic energy is transformed into internal energy; in
the restitution phase, the maximum elastic potential energy stored is converted
into kinetic energy [25]. Note that it is not always the case that the initial
kinetic energy is fully recovered at the end of the collision. This is only pos-
sible for elastic collisions. One of the most fundamental challenges during the
process of collision is the process of energy transfer. In the continuous based
method, the energy transfer is characterized by a hysteresis loop on the force
4
displacement curves [26]. Since the contact forces act upon the system in a
continuous manner as a function of the relative displacement and velocity, the
energy loss can be evaluated from the relative displacement and the velocities
of the colliding bodies [27]. One of the main reasons for the use of continu-
ous based methods is the difficulty of extending the impulse momentum based
method for multibody systems. The continuous based method are suitable to
generalize for multibody systems and for impacts concerning non-rigid colli-
sions [28]. Non-rigid collisions involve bodies of materials whose composition
are flexible or soft. These type of collisions mostly exhibit large deformations,
and geometric changes may exist when subjected to external forces. Exam-
ples of these problems are mainly seen in the presence of friction where no
uniquely possible solutions exist [29, 30]. Kumar and Howard stated that the
use of the impulse momentum in the presence of friction may result in incon-
sistent solutions since it poses difficulties in collisions involving friction [31].
They concluded that in order to avoid ambiguities that might result and to
resolve the problem, it is important to consider compliance-based modeling in
the dynamic model. One the main features of the continuous based method is
the fact that it allows the use of springs and dampers, which makes it possible
to investigate the dynamics of collisions in a continuous manner [32]. The
first compliant model for the collision between two spheres was developed by
Hertz [33]. In his work, he considered the collision between the two spheres
to have a perfectly elastic collision. It lies under the assumption that no en-
ergy is lost or dissipated during the collision process. In his model, he only
incorporated the stiffnesses of the colliding bodies to model the collision pro-
cess without considering damping. In addition, the relationship between the
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contact force and relative displacement is nonlinear. In an extension of Hert’z
work, Dubowsky and Freudenstein proposed a linear viscous damping term to
the original Hertz contact law [34].
In the continuous analysis based methods for examining direct central im-
pacts, two common contact force models have been used: visco-elastic contact
force models and elasto-plastic contact force models. The basic principle of
modeling collisions with only linear springs and damper does not yield suffi-
cient conclusions about the dynamic behavior of the collision process [35–37].
As a result, many authors have introduced contact force based models with
damping terms. In visco-elastic contact force models, the damping term is
incorporated with the Hertz contact force model to represent the energy dis-
sipation during the process of collision [38]. The general form of visco-elastic
force models consist of two main terms, elastic, which is conservative, and
viscous which, is dissipative [39]. The elastic term of the contact force model
is based on Hertzian contact, which is nonlinear, while the dissipative term
can be either linear or nonlinear depending on the proposed hypotheses. The
dissipative or damping term consists of the relative velocity and damping coef-
ficient. The damping coefficient contains the relative deformation and hystere-
sis damping factor [40]. Furthermore, the hysteresis damping factor consists of
the initial conditions, contact stiffness, and coefficient of restitution. Clearly
in such models, there are distinct characteristics differentiating the conser-
vative and dissipative terms. First, the conservative terms includes only the
contact stiffness, which is a property depending on the geometry of the col-
liding bodies. On the other hand, the damping term is associated with the
energy dissipation and is directly tied to the coefficient of restitution [6,40,41].
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Dissipative parameters such the hysteresis damping factor, which contributes
to representing the energy transfer throughout the collision period, are com-
puted based on energy balance [42]. Dissipative terms can also be computed
through the equations of motion [43–45]. For visco-elastic force models, it
is important to evaluate the damping coefficient to model the energy trans-
fer within a system. It is, however, challenging as the energy loss within a
system depends on the geometric configuration, design, and material proper-
ties [46]. The coefficient of restitution is used in the damping coefficient term
to account for different forms of losses such as internal damping, heat, and
wave propagation [47]. Goldsmith introduced the first contact force model in
which he considered damping in the contact force model based on the Kelvin-
Voight spring-dashpot linear dissipative force model [5]. Khulief and Shabana
extended the Kelvin-Voight model and derived unique expressions for the con-
tact stiffness and damping coefficients using energy balance methods [42]. In
addition, Hunt and Crossley proposed a linear viscous damping term and in-
troduced a new constant parameter called the coefficient of damping. The
coefficient of damping was derived based on the kinematic impact law, ini-
tial conditions, and material properties [40]. Hunt and Crossley assumed that
the energy dissipation process is achieved by material damping and energy is
dissipated in the form of heat. Furthermore, Lankarani and Nikravesh intro-
duced a linear visco-elastic contact force model and assumed that the energy
loss is due to material damping for low impact velocities [6]. These proposed
impact models are accurate to use for nearly elastic collisions, but, for inelas-
tic collisions, the results contain large errors in the dynamic modeling. On
the other hand, Lee and Wang proposed a nonlinear viscous damping term
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to solve the impact problem [43]. Over the years, several visco-elastic mod-
els have been proposed. Many authors introduced nonlinear damping terms
in their models [6, 40, 41, 48, 49], while others considered the linear form of
damping for energy dissipation in their models [50–52]. Force models with
viscous damping terms have several advantages over representing the colliding
bodies with springs and damper only. Such models include no discontinues in
the contact force during the collision process, especially at the beginning and
end of impact [53]. Moreover, representing the colliding bodies using only the
elastic Hertz contact force model poses difficulties since it doesn’t incorporate
any dissipative terms. Generally, visco-elastic contact force models produce
good agreements with the experimentally measured outcomes for values of high
coefficient of restitution, in nearly elastic impacts. These models, however, be-
come more difficult to apply in the presence of plastic deformation. One of
the drawbacks of modeling collisions with viscous damping, for example, is the
assumption that all of the energy losses are due to material damping. These
assumptions do not obey the actual energy losses produced by collisions.
The second type of contact force models, elasto-plastic contact force mod-
els, considers collisions involving plastic deformations. This type of contact
force models identifies plastic deformations as the governing source of energy
loss. They are based on the elastic Hertz contact force model. A hysteresis
loop on the force displacement diagram is used to account for plastic deforma-
tions and energy dissipation during the process of collision [54]. Parameters are
needed for the evaluation of the plastic deformation or permanent indentation
term. These parameters are the maximum compressive force and maximum
deformation. The kinetic energy dissipated in elasto-plastic collisions depends
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mainly on wave propagation, friction, and plastic deformation [55]. For elasto-
plastic collisions, the energy dissipated during the collision process can be ob-
served by relating the work done in deforming the colliding objects [56]. The
energy lost during the process of elasto-plastic collision can involve the prop-
agation of elastic waves, but, in fully plastic collisions, these losses are very
small or negligible. Lankarani and Nikravesh introduced a contact force model
based on the assumption that collisions experience fully plastic impacts [12].
They related their contact force model during the compression phase to the
original Hertz contact force model and proposed a contact force model for the
variation in the restitution phase, which accounts for plastic deformation. The
necessary parameters, such as the maximum compressive force and deforma-
tion, were obtained by using energy balance and conservation of linear mo-
mentum. In addition, integration of the effective equation of motion was done
to achieve the derivation of the final analytical expression of the permanent
indentation term. These parameters are functions of initial condition, coeffi-
cient of restitution, geometric, and material properties of the colliding bodies.
The force model is nonlinear, and the dominant source of energy dissipation
is local plasticity at the contact region. Ravani and Stronge introduced a new
bilinear contact force model for elasto-plastic collisions [57]. In their model,
they related the force during the restitution phase to the energetic coefficient
of restitution to account for the variation during restitution. In addition, the
contact stiffness during restitution is divided by the energetic coefficient of
restitution to account for plastic losses. The expression of the permanent in-
dentation was obtained by relating the energetic coefficient of restitution and
maximum compression through the work done in deforming the objects during
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both phases of collision: compression and restitution. Ismail and Stronge in-
troduced a new bilinear contact force model which accounts for collisions that
exhibit both viscous and plastic effects [58]. A plastic loss factor is introduced
in their model to account for the energy dissipation. In addition, a visco-plastic
coefficient of restitution is introduced for the collision of very stiff bodies. This
coefficient of restitution accounts for collisions that exhibit elasto-plastic and
visco-elastic effects. Their model is based on modifications to the Maxwell
model to account for the losses caused by both viscous and plastic effects.
One of the major advantages of elasto-plastic contact force models is the fact
that they are efficient for conditions with high impact velocities or very low
values of the coefficient of restitution. On the force displacement diagram, the
end conditions state that the force vanishes and displacement is nonzero. The
area under the force displacement curve represents the energy lost as a result
of the collision. Generally, elasto-plastic contact force models are more effi-
cient to use than visco-elastic based models. They produce consistent results
and good agreement with the experimentally measured outcomes such as the
post-impact velocities and coefficient of restitution. The fundamental basis of
elasto-plastic based models includes reasonable and logical representation of
energy dissipation during impacts. In addition, proper use of the coefficient
of restitution provides logical means for representing energy losses and gives
consistent solutions.
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1.2. Coefficient of Restitution
The coefficient of restitution remains the most debatable and arguably, the
most important constant that is used in the solution of impact problems [59].
Coefficients such as the coefficient of restitution are important in describing
the solution of the final velocities, normal impulses, and kinetic energy of the
colliding bodies [17]. In impact mechanics, simple coefficients such as the coef-
ficient of restitution represent the complex behavior and scenarios that occur
during collisions [8]. The simplicity of the coefficient of restitution makes it
easy to use in relating other parameters for representing the energy dissipa-
tion, but the coefficient of restitution requires experimental measurements to
accurately model collisions [60]. For the best modeling of energy loss during
the process of collisions, the coefficient of restitution is used [16]. The loss of
kinetic energy for collisions involving deformations can be caused by energy
losses through stress, friction, and the work done on deforming the colliding
objects [55]. Other sources of energy dissipation occur in the form of stress
waves or wave propagation. These waves are generated at the contact point
during impacts and they travel back and forth in the material with finite time
and velocity [61]. This phenomena mostly happens in collisions between bod-
ies with dissimilar size and material properties. Another source of energy loss
can be in the form of plasticity or plastic deformation. This happens at the
contact region where there is permanent indentation or damage left as a result
of the collision. Energy loss also occur in the form of material damping, where
energy is lost due to internal damping within the material itself. Furthermore,
energy can be lost in different forms such as heat or sound.
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In general, energy loss during impacts can be either due to local collision
properties or vibrations. The loss due to local deformations is permanent,
while the vibrational energy loss is partially recovered [59]. The coefficient of
restitution is used to express energy loss due to impacts. For perfectly elastic
collisions, the coefficient of restitution is e = 1. For perfectly plastic collisions,
the coefficient of restitution is e = 0. Therefore, the coefficient of restitution
is limited between 0 ≤ e ≤ 1. Perfectly elastic collisions indicate that the
energy is fully recovered at the end of impact. Perfectly plastic collisions,
however, indicate that the maximum amount of energy is lost as a result of
collision. Moreover, for inelastic collision (0 ≤ e ≤ 1), the energy at the
end of the impact is partially recovered. The three fundamental definitions
in describing the coefficient of restitution are the Newtonian (kinematic) [14],
Poisson’s (kinetic or impulsive) [62], and Stronge’s (energetic) definitions of
the coefficient of restitution [63].
Generally, the coefficient of restitution depends in nature on many pa-
rameters such as material properties, geometric configuration of the colliding
bodies, initial velocities, period of collision, and friction [5]. The coefficient
of restitution can be defined for objects of any shape as the negation of the
normal velocity ratio before and after impact [64]. Hunt and Corssley stated
that the coefficient of restitution between two rigid bodies colliding in one di-
mensional impact and in pure translation as the ratio of their relative speeds
before and after the impact [40]. In addition, Newton’s kinematic definition of
the coefficient of restitution relates the ratio of the relative normal velocities
before and after impact, which he claimed to be dependent on the material
properties of which the colliding bodies are made [14]. Poisson introduced the
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kinetic definition of the coefficient of restitution and defined it as the ratio
of the restitution to the compression normal impulses [62]. Stronge, however,
defined his energetic definition of the coefficient of restitution as the square
root of the negative ratio of the energy released in the restitution phases to the
energy absorbed in compression during the collision period [63]. Therefore, it
is simply defined as the square root of the negative ratio of the work done
during restitution to the work done in compression.
In addition, Poisson studied the possible scenarios that may arise during
impacts in the presence of friction. Poisson and Morin showed that for fric-
tional impacts, one can relate the normal and tangential components of the
contact force by using Columbs’s friction model [65]. Routh introduced a
graphical method based on the kinetic definition of coefficient of restitution
to deal with impact problems with friction [66]. In his work, he studied and
solved the case of frictional impacts, where velocity reversal takes place. In
addition, velocity reversal happens in frictional impacts, when the direction
of the slip motion of the colliding bodies changes direction. Wang and Mason
used the Routh graphical method to solve for the impact problem with fric-
tion [3]. Whittaker expanded Newton’s work to take into account frictional
effects [15]. His method accounts for slippage in cases when the coefficient
of friction is less than the ratio of the normal and tangential impulses. In
addition, his method provides an algebraic solution by combining the kine-
matic and kinetic definitions of the coefficient of restitution. The algebraic
solution provides an easy solution for the post-impact velocities. The draw-
back of his method is the fact that his solution is inconsistent for the case of
velocity reversal when the slip motion changes direction. Kane and Levinson
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have showed that in the presence of tangential effects during collisions, the
coefficient of restitution produces inconsistent results [21]. In addition, they
showed that Whittaker’s method results in errors in the presence of friction.
Brach developed an algebraic solution for the impact problem in the presence
of friction [16]. His solution takes into account velocity reversal during the
collision period [17]. Furthermore, his method corrects the energy paradox
resulting from the change of direction during slip motion. Keller introduced
a method for impact problems with friction using Poisson’s definition of the
coefficient of restitution [7]. In his method, he provided a correction based on
the kinetic impact law such that energy does not increase. Keller addressed
the energy paradox in frictional impacts that results only when the velocity
reverses direction during slip motion. He stated that the magnitude of the
tangential impulse is equal to the coefficient of friction times the normal im-
pulse, and that this is only valid when the direction of slip motion remains
unchanged and velocity doesn’t reverse direction. His method requires the
integration of the equations of motion for obtaining the full solution. Stronge
introduced the energetic definition of the coefficient of restitution [63]. In his
work, he considered friction impacts. In addition, he concluded that the use
of Newton’s impact law will provide inconsistency since it only accounts for
the normal components of velocity. Moreover, his method corrects the incon-
sistencies in Poisson’s definition of the coefficient of restitution in the presence
of friction.
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1.3. Impacts with Cylinders
Over the years, researchers have investigated the classical impact problem:
the collision between two balls. This classical problem has been extended
for linear chains of balls and multibody systems. Researchers have extended
the ball problem to investigate different shapes and geometries, such as rock-
ing blocks and cylinders. Stoianovici and Hurmuzlu studied the collision of
cylindrical bars on external surfaces [67]. One very interesting observation is
the significant variation in the kinematic coefficient of restitution that occurs
as a result of varying the inclination angle. As a result, a discretized rigid
body model of the cylinder is proposed to explain the physical behavior and
variation. The variation in the coefficient of restitution was tied to two main
factors: internal vibrations and multiple impacts. Hurmuzlu developed a new
method to accurately predict the post-impact velocity for the collision of cylin-
drical bars on massive external surfaces [59]. The proposed method accounts
for the local and global energy losses that occur as result of the collision. The
proposed method generalizes the concept of the coefficient of restitution such
that it can be used widely in different applications. In addition, a revised and
energetically based coefficient of restitution is used, which takes into account
the local and vibrational energy losses. The proposed method is validated with
numerous sets of experiments.
Several authors have investigated the ball-cylinder collision problem. Auer-
bach investigated the relevance of colliding balls to colliding rods [68]. He
stated that collision of balls is the same as colliding rods if the balls’ and rods’
radii and lengths are the same. Freschi et al. introduced a detailed study on
the compression waves and kinetic energy losses for collisions involving balls
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and cylinders with different lengths [69]. In their study, they investigated the
fractional loss of kinetic energy and coefficient of restitution as a function of
the rod’s length using the principles of conservation of momentum and energy
balance. Their work concluded that the fractional loss of kinetic energy in-
creases as length and the coefficient of restitution decreases. Hu et al. studied
the collision between a ball and an elastic rod [70]. They used the boundary
approach and incorporated the elastic Hertz contact force model to represent
the longitudinal waves in rods. Their work suggests combining both elastic
and rigid body dynamics for longitudinal impacts into two timescale modes.
The first is for the short term behavior, which includes for the wave phenom-
ena, and the other is for the long term behavior after impact. Schiehlen et
al. studied the collision between aluminum balls and cylinders using a finite
element approach [71]. They investigated the coefficient of restitution to repre-
sent the energy loss and evaluated it numerically to include wave propagation.
They stated that for repeated impacts, plastic deformation reaches a finite
value and does not spread further; the remainder of energy loss on cylindrical
bodies is in the form of waves. Schiehlen and Seifried studied the collision
of balls impacting cylinders and half circular plates [72]. They approached
the problem using the wave equation and elastic Hertz contact force model.
In another contribution, Seifried et al. studied the collision of balls and half
circular plates using the finite element approach [73]. Belyaev et al. studied
the longitudinal impacts on a thin rod by a body and studied wave prop-
agation using the finite element method and the elastic Hertz contact force
model [74]. YuFeng and DeChao analyzed the collision of a particle colliding
with a rod attached to a spring [75]. They stated that both the wave equation
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and elastic Hertz contact force model produce the same results. They con-
cluded that these approaches can be extended to beams, plates, and complex
structures. Wang et al. investigated the collision of elastic bars and beams
on massless springs [76]. In their analysis, they approached the solution to
the problem by deriving the wave equations for the cases of constrained and
free motion. In addition, they investigated the effect of the coefficient of resti-
tution for this type of collision. Their analysis concluded that the coefficient
of restitution is only dependent on the stiffness ratio and independent of the
incident velocity. Yigit et al. studied the dynamics of radially rotating beams
with impacts [53,77]. They introduced a model based on the momentum bal-
ance and kinematic coefficient of restitution to investigate the applicability of
using rigid body motion. Experimental and numerical work concluded that
using rigid body analysis enables the prediction of the pre- and post-collision
motion and the effect of the geometric configuration of the dynamic system
on the coefficient of restitution is small for most impact situations. Gau and
Shabana developed a solution procedure for the propagation of elastic waves
in translating and rotating beams that undergo large displacements [78]. They
formulated the equations of motion based on the principle of virtual work. The
impact induced waves are analyzed using the generalized impulse momentum,
which is expressed in terms of different parameters including the coefficient
of restitution and Jacobian matrix of the kinematic constraints. In addition,
they evaluated the applicability of their solution numerically using different
values for the coefficient of restitution.
17
1.4. Multibody Impacts
Multibody dynamics is the study of systems composed of many bodies
[79]. It can be also defined as systems with multiple bodies in which their
interaction is governed by external forces, geometric, and kinematic constraints
[79–81]. The interaction between the colliding bodies cause changes in the
system’s behavior including discourteous and rapid changes in velocities and
acceleration. Multibody impacts are collections of bodies interconnected by
forces [80]. Multibody impact is also a field which deals with the modeling
and analysis of systems that can exhibit large deformations when subjected
to collisions [82]. In these collisions, the colliding bodies experience rigid
body motion, elasto-plastic deformations, and in some cases rotations. These
types of collisions exist in many engineering applications such as robotics [83],
biomechanics [84], railway design [85], space systems [86], automobiles [87],
composite granular medium [88], and multi link manipulators [89].
This class of problems, however, is complex in nature. The selection of
appropriate parameters and dynamic modeling is required to achieved good
results [90–92]. In multibody impacts, nonlinearities and discontinuities may
occur as a result of intermittent collisions [93]. Studying the geometric, kine-
matic, and dynamics structures of multibody systems can be highly complex
due to the fact that these systems of connected bodies exhibit complex behav-
iors when subjected to collisions, which requires complex mathematical model-
ing and computational procedures [81]. Over the past few decades, researchers
have been trying to extend the impact problem from single to multiple impacts
and produce consistent solutions to accurately predict the post-impact veloci-
ties. As a result, the two main methods in approaching the solution to impact
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problems, impulse momentum methods and compliance based methods, have
been investigated and extended to multibody impacts. Experimental verifica-
tion of certain parameters is necessary to obtain and to validate the proposed
solution. These parameter include the coefficient of restitution between the
colliding pairs and pre- and post-impact velocities.
Using the impulse momentum based methods for multibody impact prob-
lems, several authors have proposed solution procedures. The most funda-
mental solution procedure considers the impulse momentum and coefficient of
restitution laws. Ceanga and Hurmuzlu were the first in obtaining uniquely
and energetically consistent solutions for the post-impact velocities of balls in
a linear chain [24]. They used the impulse momentum method for triplets of
balls and introduced a new constant parameter called the impulse correlation
ratio. The impulse correlation ratio relates the impulses in the chain. This
constant parameter depends on the sequence, mass distribution, geometric and
material properties. They incorporated the energetic coefficient of restitution
to produce energetically consistent solutions. Analytically and energetically
consistent solutions for the post-impact velocities were derived for the case of
three balls. The proposed hypothesis was generalized for the N-ball problem.
Furthermore, they conducted a large set of experiments to validate the solu-
tion for the three, four, five, and six ball impacts. Their generalized solution
accounts for the intermittent collision phenomena, in which multiple impacts
occur at a single contact point.
Walkiewicz and and Newby proposed a solution method for the three ball
problem which satisfies the conservation of momentum and energy princi-
ples [94]. The conclusion drawn from their work is that there are infinite
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solutions for this class of problems. Johnson proposed a solution procedure
based on subsequent impacts under the assumption of distinct collisions [95].
Han and Gilmore proposed algorithmic procedures to solve the multibody
problem involving multiple collisons [96]. Their proposed solution, however,
resulted in sets of post-impact velocities that are only valid for the same initial
conditions. The three ball problem was also considered by Brogliato [97]. He
stated that the impulse momentum approach does provide enough information
to achieve a unique solution for the post-impact velocities. Therefore, for this
class of problems, the compliance based approach has been considered to solve
the non-uniqueness issues in predicting the post-impact velocities.
The second solution method considers compliance based methods, where
the colliding bodies are connected to each other with local compliance. Newby
investigated the three ball problem by adding springs and conducted paramet-
ric analysis to investigate the effect on the post-impact velocities [98]. Two
conclusions were drawn from his analysis. First, it is possible to determine the
desired stiffness ratio from the velocity outcome of the colliding bodies. Sec-
ond, in other cases, no such determination is possible. Hinch and Jean studied
the case of a long line of stationary balls subjected to impact on one end by
another ball [99]. They considered the elastic Hertz contact force model. In
addition, they investigated both cases of linear and nonlinear contact during
the collision process. Cholet extended the analysis of three ball problem and
used the method of convex analysis to solve the multiple impact problem [100].
His analysis was based on Moreau’s sweeping process [101]. He was able to
produce analytical solutions for the post-collision velocities. The main dis-
advantage of his work is that his solution is based on nonlinear parameters
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that are difficult to predict from experiments. Stronge, however, proposed
a solution method for the three ball problem using local compliance at the
contact points considering elasto-plastic collisions [102]. In his approach, he
introduced the stiffness gradient, which is associated with the local compli-
ance between the second and the third balls and represents the gradient of the
local wave speed. This local wave speed depends on the local compliance and
masses. The stiffness gradient determines the phase relation between the reac-
tions at the contacts [103]. Experimental verification of the stiffness gradient
has been conducted [104, 105]. In a similar contribution by Stronge for the
multiple impact problem, he introduced stiffness and mass gradients [106]. In
addition, he considered both spherical and cylindrical contacts. He concluded
that for multibody collisions, reaction forces which are time dependent can be
replaced by reaction impulses for certain values of the proposed parameters.
Gharib et al. solved the elastic multiple impact problem for linear chain of
steel balls using the elastic Hertz and impulse momentum with the impulse
correlation ratio hypothesis [107]. In addition, they showed that both meth-
ods produce similar results for the post-impact velocities for elastic collisions.
They calculated the impulse correlation ratio from the post-impact velocities
of the first ball by using the elastic Hertz method. The obtained impulse cor-
relation ratio was used to calculate the post-impact velocity for three, four,
and five balls. They also developed a shock absorption mechanism by trapping
small balls between the larger balls in the chain, which resulted in high energy
absorption. They carried a set of experiments to validate the theoretical re-
sults. Liu et al. proposed a new method that can handle multibody collisions
in multibody systems based on the nonlinear Hertz contact model [108, 109].
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The method is designed to predict the post-impact velocities. In this model,
however, a distribution law is proposed, in which it relates the energy disper-
sion by mapping the time scale into the impulsive scale. This distribution law
is associated with the Darboux-Keller approach, where the normal impulse is
treated as an independent variable. The distribution law is designed to handle
mono and bi stiffness models. Their method states that the kinetic energy
during impacts is associated with the relative contact stiffness and the relative
potential energy.
1.5. Impacts of Kinematic Chains
The class of impact problems focused on particle kinematic chains has
been studied by many researcher in the field of robotics. The origin of this
class of problems dates back to Newton [14]. This special class of impact
problems exists in many engineering applications such as walking machines and
space structures [110]. In addition, particle kinematic chains impact problems
consider multilink mechanisms and robotic manipulators [111]. The impact
problem of particle kinematic chains plays a major role in the stabilization of
bipedal gait [112]. This class of problems is highly nonlinear and requires the
inclusion the incorporation of the nonlinear effects [113]. Three approaches can
used for the solution of this class of problems. The first approach is the rigid
body approach, where rigidity is assumed at any point in the chain [114]. The
second approach considers local springs and dampers at every contact point
[115]. The third approach incorporates continuum mechanics equations for the
entire systems [97]. The solution to this class of problems, however, requires
information about the coefficient of restitution and coefficient of friction [116].
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Chang and Hurmuzlu studied the rigid body collision of planar kinematic
chains with rough and flat surfaces [111]. In their work, they considered a
three link kinematic chain with one end resting on the ground and the other
end impacting. They proposed a methodology to obtain the exact outcome of
the velocities. The methodology accounts for different impact scenarios during
the collision event including: velocity reversals, normal impulses, and velocities
at contact points in the presence multiple impacts. They concluded that the
frictional impulse and horizontal velocity are the governing factors of the slip-
page direction of the resting end. Moreover, they concluded that the velocity
reversal may affect the outcome of the solution and the post-impact velocities.
Marghitu and Hurmuzlu analyzed the planar ground impact problem of the
open kinematic chain [1]. They developed two unique solution procedures in
differential and algebraic forms for the ground impact problem. In addition,
the differential form is used to produce three unique sets of solutions using
the kinematic, kinetic, and energetic definitions of the coefficient of restitu-
tion. The algebraic form solution was formulated to obtain solutions based
on the kinematic coefficient of restitution. In another contribution, Marghitu
and Hurmuzlu studied the chain impact problem with multiple contact points
with an emphasis on three dimensional analysis [116]. In their work, planar
and spatial impacts of the three link kinematic chain outcomes are studied
and compared using differential and algebraic approaches. Particular empha-
sis is given the relation between the pre- and post-impact energies, slippage,
rebound velocities at the contact points, as well as differences between planar
(2D) and three-dimensional (3D) solutions. Tavakoli et al. studied a two mass
system with multiple contact points [117]. In their model, they solved the
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ground impact problem with an emphasis on impulse momentum, the impulse
correlation ratio, and energetic coefficient of restitution in order to solve for
the post-impact velocities. In addition, they solved the impact problem for the
cases of sliding and bouncing on flat and inclined surfaces subjected to friction.
They studied the impulse correlation ratio as a function of the link’s length.
Experimental study showed that the impulse correlation ratio decreases as
the length increases. In addition, as the inclined surface’s angle of inclination
increased, the impulse correlation ratio decreased. Tavakoli and Hurmuzlu
presented a study and results of three generations of the locomotion of a fam-
ily tree of dynamical systems [118]. In addition, they analyzed the impact of
single, two, and three mass mechanisms. Furthermore, they developed active
control schemes for each system. Hurmuzlu developed an approach to describe
the objective function of a planar five link bipedal locomotion model [110]. In
his model, the motion of the biped was characterized in terms of the progres-
sion speed, step length, maximum step height, and knee bias. Furthermore,
he developed a general approach based on discrete mapping to analyze the
stability of bipedal locomotion [113]. Hurmuzlu and Moskowitz studied the
double inverted pendulum bipedal locomotion system [112, 119, 120]. In ad-
dition, they developed a nonlinear model for the system. They showed that
the system achieved stability. They concluded that periodic impact with the
ground plays an important role in the stabilization of the locomotive bipedal
system.
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1.6. Structure of the Dissertation
In chapter one, we introduce a literature review covering topics presented
in this dissertation. In chapter two, we solve the Ball-Ball and Ball-Cylinder
impact problems with emphasis on the coefficient of restitution. We also in-
vestigate variation in the Ball-Ball and Ball-Cylinder coefficients of restitution
and we propose a discretization method for predicting the Ball-Cylinder co-
efficient of restitution based on the Ball-Ball coefficient of restitution. Our
simulations show that one needs to segment softer material more than harder
ones. We validate our proposed method by conducting sets of experiments
using different materials, including steel, wood, and rubber, and we estab-
lish a relationship between the stiffness ratio and the number of segments of
the softer material. In chapter three, we solve the multiple impact problem
of ball and cylinder connected in linear chains. We consider the three, four,
and five-body problem, and propose a discretization method based on the seg-
mentation of the softer material to predict the post-impact velocities of the
colliding bodies. In this chapter, we use the relationship we built in chapter
two to determine the required number of segments needed for each of the col-
liding bodies to produce post-impact velocities with the greatest agreements
with the experimental results, and we validate the proposed method by con-
ducting numerous sets of experiments. In chapter four, we solve the rigid
body collision problem of particle based planar kinematic chains with multiple
contacts with external surfaces. We use the linear and angular momentum
principles with a set of complementary equations to solve the impact problem.
In addition, we use the energetic definition of the coefficient of restitution to
model the impact event, finding critical configurations such that the contact
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mass has zero normal velocity and normal impulse. We achieve the solution by
solving for the normal velocity and impulse of the contact mass as a function
of the normal impulse of the impact mass. For the three-mass system, we
consider the impact on inclined and different level surfaces, and we also derive
the general solution of the five-mass system. We find their critical configura-
tions and conduct sets of experiments for the three-mass system on a flat and
inclined surfaces to verify the theoretical solution. In chapter five, we present
conclusions of the accomplished work.
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Chapter 2
On Planar Impacts of Cylinders and Balls
2.1. Introduction
In mechanics, an impact is a collision between two or more bodies in which
the colliding bodies exert a large force on each other over a short period of
time [16]. Forces created by collisions are exerted and removed in a very short
interval of time and initiate stress waves which travel away from the region of
contact [5]. Velocities experience jump discontinuities as a result of the impact
event [110, 113]. The two approaches to the solution to impact problems are
instantaneous and continuous analyses [6].
In the instantaneous approach, the impact interval is divided into two
stages: compression and restitution. Then, a coefficient of restitution (COR)
is defined as the ratio of the post and pre-impact normal velocities, normal
impulses, or the work done during the compression and restitution phases,
depending on the particular restitution model [7, 62, 63]. These models pro-
vide a framework for determining the post-impact and contact velocities [121].
Subsequently, linear and angular momentum equations are used to calculate
the post-impact velocities. This classical approach is typically used for direct
central impacts [21, 23,24,122–124].
Continuous analysis requires the use of Newton’s second law of motion,
where the contact forces are involved in the system’s equations of motion.
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This is also referred to as the compliance-based method [24]. The simplest
way of modeling this problem is by connecting the impacting bodies with a
linear spring and damper, which is known as the Kelvin-Voigt model [5].
Hurmuzlu developed an energy-based discrete model for the collision of bars
with external surfaces [59]. This proposed method accounts for impact-induced
vibrations of the impacting rigid bars. Similarly, Stoianovici and Hurmuzlu
studied the collision of steel bars with external surfaces. They discovered
unusual variation of the COR as a result of changing the pre-impact inclination
angle [67]. Wang et al. investigated the collision of elastic bars and beams on
massless springs [76]. In their analysis, they approached the solution to the
problem by deriving the wave equations for the cases of constrained and free
motion. In addition, they investigated the effect of the COR on this type of
collision. Their analysis concluded that the COR is only dependent on the
collision stiffness ratio and is independent of the incident velocity. Auerbach
investigated the relevance of colliding balls to colliding rods [68]. He stated
that collision of balls is same as colliding rods if the ball’s and rod’s radii and
lengths are the same. There have been several studies proposed to address
the effect of energy dissipation in collision problems (see [125] and references
within). Freschi et al. introduced a detailed study on compression waves and
kinetic energy losses in collisions involving balls and cylinders with different
lengths [69]. In their study, they investigated the fractional loss of kinetic
energy and the COR as a function of the rod’s length using the principles of
conservation of momentum and energy balance equations. Hu et al. studied
the collision between a ball and an elastic rod [70]. They used the boundary
approach and incorporated the elastic Hertz contact force model to represent
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the longitudinal waves in rods. In addition, Schiehlen et al. studied the
collision between balls, cylinders, and long bars [71]. They investigated the
COR to represent the energy loss and evaluated it numerically to include wave
propagation. Their numerical simulation analysis concluded that the COR is
dependent on the yield stress of the colliding bodies. Khalid et al. showed
that the ball-ball and ball-cylinder COR for the colliding pairs of the same
materials are not necessarily equal [126].
In this study, we conduct a set of Ball-Ball (B-B) and Ball-Cylinder (B-C)
collision experiments with pairs of identical or different materials. We use
three types of materials: steel, wood, and rubber. In addition, we estimate
the corresponding COR using the experimental data for all collision pairs.
Unexpectedly, we discover that the B-B and B-C COR of same pairs are not
necessarily equal. Moreover, one would expect that the COR would be only
related to the local compliance. However, in the B-C collisions this is not the
case. To investigate the cause of the COR variations between B-B and B-C,
we propose a discretization method. We employ this method in three different
impact models including; rigid body, bimodal linear, and bimodal Hertz. At
the contacting segments, we use the B-B COR to calculate the B-C COR for
the same material. We find that segmenting the softer material results in
better prediction of the B-C COR.
2.2. Experimental Setup
In our work, we focus on direct central impact balls and cylinders. For
that purpose, we build a frame that produces direct central impacts for the
B-B and B-C experiments (see Figs. 2.1-2.2).
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Figure 2.1: B-B collision experimental setup
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Figure 2.2: B-C collision experimental setup
As seen in Figs. 2.1-2.2, the colliding bodies are suspended by adjustable
strings that are attached to the adjustable upper rail of the frame. This
provides a proper adjustment of the bodies to achieve a direct central impact
on the horizontal plane. The wires are connected in a v-formation, and the
height of the cables is carefully selected to avoid unwanted wobbling and energy
losses. Each experiment is initiated by dropping the ball from an initial height
while the other body is resting in its lowest position. The release height is
adjusted to achieve different pre-impact velocities. The release mechanism
consists of an electromagnet that can release the ball with a turnable switch.
Reflective markers for position tracking are placed at the center of mass for
each of the colliding bodies. A high speed Sony camera with capability of 960
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frames per second is positioned on a tripod. The tripod is aligned with the
center of mass of the bodies and is placed sufficiently close to achieve high
video resolution and to reduce visual distortion.
The captured videos are transferred to a personal computer for video pro-
cessing and digitization. The video analysis and digitization is performed by
first capturing the positions of the colliding bodies in each video frame. Subse-
quently, the captured position data are used to determine pre- and post-impact
velocities by numerical differentiation of the position data. The position data
is first smoothed by applying filtering in order to cancel any noise present.
Mainly, three types of materials have been selected for the experimental
study for balls and cylinders. These materials include: steel (S), wood (W),
and rubber (R). All balls have the same diameter size. The cylinders consist
of two diameter sizes (C1 and C2) per material and the same length for all
materials per diameter size. Table 2.1 shows the masses and geometric values
of the balls and cylinders.
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Table 2.1: Masses and geometric values











After obtaining the pre- and post-impact velocities, one can measure the
kinematic COR by taking the negative of the relative velocity ratio before and
after the impact. Table 2.2 summarizes the average experimentally measured
COR values for all B-B (eL) and B-C (e¯G) collision experiments.
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S 0.92 ± 0.05 0.67 ± 0.071 0.70 ± 0.073
W 0.63 ± 0.059 0.78 ± 0.041 0.69 ± 0.031




S 0.9 ± 0.047 0.59 ± 0.039 0.6 ± 0.086
W 0.62 ± 0.061 0.72 ± 0.046 0.56 ± 0.039




S 0.82 ± 0.047 0.59 ± 0.067 0.64 ± 0.07
W 0.6 ± 0.027 0.77 ± 0.039 0.52 ± 0.025
R 0.62 ± 0.026 0.63 ± 0.073 0.69 ± 0.038
Conducting a theoretical study necessitates the estimation of the contact
stiffness values of the colliding bodies. In order to achieve the measurements of
the stiffness values of each ball and cylinder, a compression testing machine is
used. We used the Instron 5967 material testing machine to perform the stiff-
ness analysis testing. We conducted multiple loading-unloading compression
cycles. The output raw data consists of displacement and force measurements.
Subsequently, multiple force-displacement plots are obtained for each material
and configuration. Then, an averaged stiffness is found by averaging the slope
of the force displacement curve. After plotting the force-displacement data,
we obtain the corresponding curve fit equations. In addition, we use two curve
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fit equations to obtain the linear and Hertzian stiffness values.
Figure 2.3: Experimental Contact Stiffness Testing
Table 2.3 summarizes the experimentally measured stiffness values for all
balls and cylinders.
35
Table 2.3: Experimental stiffness values
Type Linear Stiffness (N
m
) Nonlinear Stiffness ( N
m1.5
)
S 3.7655 x 107 4.3335 x 109
W 6.948 x 105 3.642 x 108
R 2.5735 x 104 9.5105 x 105
S1 5.3445 x 107 6.157 x 109
W1 1.05 x 107 5.321 x 109
R1 7.8365 x 104 4.043 x 106
S2 3.7 x 108 4.27 x 1010
W2 3.145 x 107 1.592 x 1010
R2 5.438 x 105 2.8 x 107
2.3. Problem Description
The objective of this chapter is to investigate the relation between Ball-
Ball and Ball-Cylinder collisions. One would assume that for colliding objects
of the same materials, the COR would remain the same regardless of the
geometry of the colliding objects. However, our experiments revealed that
this is not the case (Table 2.2). We discretized the colliding masses in the
form of masses with connected springs. In addition, the contact is modeled
using three different models: rigid body, bimodal linear, and bimodal Hertz.
2.4. Generalized Equations of Motion
Figure 2.4 represents the general B-C discrete model. Here, the ball and
cylinder are divided into j1 and j2 equal segments, respectively. Each internal
segment in the ball and cylinder is connected with linear internal springs (Ki).
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At the contacting segments, we define the external contact springs of the ball
(Keb ) and cylinder (K
e
c ) to model the contacting force (~Fc). The x-coordinates
of the center of mass of each segment are defined as xi.





1 ≤ i ≤ j1
mc
j2
j1 + 1 ≤ i ≤ N
(2.1)
where, mb and mc are the total masses of the ball and cylinder, respectively.
The total number of segments is N = j1 + j2.
The stiffnesses of the internal springs of the ball and cylinder are given by:
Kib = Kb(j1 + 1) (2.2)
Kic = Kc(j2 + 1) (2.3)
where, Kb and Kc are the overall stiffnesses of the ball and cylinder, respec-
tively.
The relative displacement (δi) of each internal spring of the ball and cylin-
der is defined as:
δi =

xi−1 − xi + 2Rbj1 1 < i ≤ j1
xi−1 − xi + Lcj2 j1 + 1 < i ≤ N
(2.4)























Figure 2.4: General discrete B-C model
The equations of motion of each segment are defined as:
mix¨i +K
i(δi+1 − δi) = 0 (2.5)
















where, x˙+i is the post-impact velocity of each segment. The equivalent
mathematical expression for the experimental B-C COR is defined as:





where, x˙−b and x˙
−
c are the initial pre-impact velocities of the ball and cylinder.
2.4.1. Rigid Body Method
A classical approach for modeling impacts between two bodies can be per-
formed by using the rigid body analysis. In this approach, colliding bodies
are assumed to be rigid. One can relate the pre- and post-impact velocities
by using the principle of conservation of linear momentum and the COR. By
using the conservation of linear momentum at the contacting segments j1 and
j1 + 1, we have the following:
mj1∆x˙j1 = mj1+1∆x˙j1+1 (2.9)
where, ∆x˙j1 and ∆x˙j1+1 are the changes in velocities. The changes in velocities















Hence, by using Eqns. (2.9) and (2.12) we obtain the following post-impact








[(mj1+1 − eLmj1) x˙−j1+1 + (1 + eL)mj1 x˙−j1 ] (2.14)
2.4.2. Bimodal Contact Force Model
We use a spring-based contact force model that is modified to incorporate
energy dissipation, called the bimodal force model [58,63,109,127]. Figure 2.5
shows the force displacement curves for the bilinear and nonlinear force mod-
els. The energy loss is given by the net work done in deforming the objects in
the compression and restitution phases, which are shown as the shaded areas
under the force displacement curves. From Fig. 2.5, δ, δp, KC , and KR are the
relative displacement, permanent indentation, and collision stiffnesses during
the compression and restitution phases, respectively. In addition, at the max-
















(b) Nonlinear Force Model
Figure 2.5: Force Displacement Curves
41
The contact force between the segments j1 and j1+1 during the compression





KR(δ − δp)n Restitution Phase
(2.15)
During the collision event, the relative contact displacement at the con-
tacting segments can be expressed as:





























The maximum contact force can be obtained from Eqn. (2.15):
Fm = KC(δm)
n (2.19)
Fm = KR(δm − δp)n (2.20)












The work done during the compression and restitution phases can be ob-



















The local energy loss during the impact can be expressed as:
El = WC +WR (2.24)
When n = 1, we have the bilinear force model, whereas when n = 1.5, the
force model is called the bimodal Hertzian model. Furthermore, at the con-
tacting segments j1 and j1 + 1, we incorporate the contact force in Eqn. (2.15)
to the right hand side of the corresponding equations of motion in Eqn. (2.5).
Once the contact force is incorporated into the system’s equations of motions,
the post-impact velocities of each segment are found by performing the numer-
ical integration. For the external spring at the contact point, we incorporate
the linear stiffness for the bimodal linear and the nonlinear stiffness for the
bimodal Hertz models.
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2.5. Numerical Simulation and Results
We categorize the B-C collision experiments into three categories: collision
experiments of the same material, Hard-Soft different materials (H-S), and
Soft-Hard different materials (S-H). Here, hard is defined as material with a
higher stiffness than the soft material. For example, SW1 falls under the H-S
category, while the WS1 is included in the S-H category. Next, we analyze the
impact dynamics of all possible combinations of j1 and j2, where each varies
from 1 to 10 for a total of 100 cases. Then, for each iteration we compute
the theoretical eG and compare it with the experimentally measured e¯G. The
percentage error (PE) between eG and e¯G can be calculated as:
PE = | e¯G − eG
e¯G
|×100 (2.25)
Based on the theoretical prediction we choose the best (the one that pro-
duces the lowest percentage error) model in estimating e¯G. Figure 2.6 depicts
the average percentage error of all three categories for all models. As one can
see, the bimodal Hertz has the lowest average percentage errors compared to
other models. The average percentage error for the bimodal Hertz and for all
categories is approximately 9%.
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Figure 2.6: Average percentage error for all categories
Based on the results obtained from Fig. 2.6, we choose the bimodal Hertz
model to answer the following questions:
• The effect of the number of segments on the COR prediction
• The dependency of the COR prediction on the stiffness
Figures 2.7-2.9 depict the percentage error of all B-C collisions and for
each category as a function of segmentations. The segmentation number j1j2
on the horizontal axis is composed of j1 and j2 segments. Accordingly, each
number on the horizontal axis corresponds to a specific j1 and j2 values. For
example, j1j2 = 21 means that j1 = 2 and j2 = 1. As one can see, the periodic
behavior depicted in the figure occurs because of the specific arrangements on
the horizontal axis. For each 10 segments, j1 is fixed while j2 is varied from
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1 to 10. Figures 2.7a-2.7b depict the percentage error for the first category
of the B-C collisions. For this category, by increasing the number of j1 and
j2 segments the percentage error decreases. One can see that by increasing j1
the percentage error drops more.
For the second category in Figs. 2.8a-2.8b, the percentage error decreases
as we increase j2 segments, while the percentage error is nearly unchanged as j1
increases. In addition, by increasing j1 and j2 the percentage error encounters
a repeated pattern. Hence, j1 can be chosen as equal to one and then j2 can be
varied to obtain the lowest percentage error. This also means that we do not
need to segment the ball. For the third category in Figs. 2.9a-2.9b increasing
j1 causes reduction in the percentage error, while increasing j2 has almost no
effect.
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(a) Category 1: B-C1






(b) Category 1: B-C2
Figure 2.7: Percentage error of category 1 B-C collisions
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(a) Category 2: B-C1





(b) Category 2: B-C2
Figure 2.8: Percentage error of category 2 B-C collisions
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(a) Category 3: B-C1






(b) Category 3: B-C2
Figure 2.9: Percentage error of category 3 B-C collisions
Figure 2.10 depicts the overall average percentage error of all B-C collisions
for each category. Based on the result obtained in Fig. 2.10, one can see that
segmenting the softer material results in a good approximation of the B-C e¯G.
Increasing the number of segments results in larger collision stiffness, which
translates into a larger contact force. Figure 2.11 depicts a numerical example
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of the force displacement profile, where the enclosed area under the curves
represents the local energy loss at the contacting segments.
Since there is no bending and we are dealing with direct central impacts,
our numerical simulation for all B-C collisions showed that the contribution of
the vibrational energy loss to the B-C COR is negligible.






Figure 2.10: Average percentage error for all categories
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Figure 2.11: Numerical force displacement profile
Our objective is to find the minimum average percentage error (APEm) of
the B-C COR for each category. We conduct numerical simulation runs for all
collision pairs, where jS is varied from 1 to 50 and jH is varied from 1 to 10.
For each iteration of jH , we find the average percentage error (APE) of all six




6× 50 ; i = 1, · · · , 10 (2.26)
Then, we identify jH that corresponds to the minimum value of the average
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percentage error. Now, we define:
APEm = min{APEi}i=1,···,10 (2.27)
After that, we choose the jS value that corresponds to the lowest average
percentage error. Figure 2.12 depicts the number of segments of the softer
material (jS) producing the lowest average percentage error in estimating the
B-C COR. These number of segments represent a saturation point beyond
which increasing segmentation does not affect the percentage error. Following
these steps, the number of the segments of the harder material is found to be
jH = 4 for the first category, jH = 6 for the second category, and jH = 4 for
the third category. Figure 2.12a depicts the number of segments of the softer
material for the first category. As one can be seen from Figs. 2.12a,2.12c more
segments are needed for the larger cylinder sizes. For the second category,
however, for each collision pair the softer material requires slightly more seg-
ments in order to achieve good approximation of e¯G. Table 2.4 shows the
APEm for the corresponding number of segments shown in Fig. 2.12. As one
can see, the APEm is 2.028%, 3.1%, and 1.31% for the first, second, and third
categories, respectively.
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Figure 2.12: Number of segments corresponding to APEm
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Table 2.4: Minimum average percentage error of each category
Category 1 Category 2 Category 3
SS1 3.9 SW1 6 WS1 1.59
SS2 3.88 SW2 6.8 WS2 0.21
WW1 0.08 SR1 2.2 RS1 2.72
WW2 4.2 SR2 1.13 RS2 1.29
RR1 0.03 WR1 0.97 RW1 0.38
RR2 0.08 WR2 1.5 RW2 1.68
Average 2.028 Average 3.1 Average 1.31
We have observed that in order to achieve good estimations of the B-C
COR, one needs to focus on the segmentation of the softer material. Based on
the results we observed in Fig. 2.12, we seek to build a relationship between
the number of the segments of the softer material and the stiffness ratio of the






where, KiS and K
i
H are the internal stiffnesses of the soft and hard materials,
respectively.
We plot the number of segments of each collision pair shown in Fig. 2.12
as compared to the corresponding stiffness ratio rK . Figure 2.13 shows the
number of segments of the softer material versus the stiffness ratio rK for all
collision pairs. An empirical curve fit of the data (Regression value R = 0.89)
is shown as the solid curve. The corresponding curve fit equation is found to
be as follows:
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Figure 2.13: Number of segment of the softer material and stiffness ratio
jS = a (rK)




We obtain a relationship that shows the dependence of the number of
segments of the softer material for all collision pairs versus the stiffness ratio
rK . Furthermore, we can see that the number of segments of the softer material
decreases as the stiffness ratio increases.
55
2.6. Verification of Results
For verification purposes, we conduct two additional sets of collision ex-
periments that covers all categories. Based on the stiffness ratio and the curve
fit Eqn. (2.29), we can determine how many segments we need for the softer
material to achieve a good approximation of the B-C COR. We use small steel
and wood balls with the masses and geometric properties shown in Table 2.5.
Here, Ss and Ws indicate small steel and small wood balls, respectively.
Table 2.5: Masses and geometric values of the small balls
Balls Mass (Kg) Radius (m)
Ss 0.07 0.0127
Ws 0.006 0.0127
Since the experimental testing requires a standard procedure as observed
in the experimental study, we performed stiffness analysis testing to obtain
the stiffness values shown in Table 2.6. Then, we conduct the B-B collision
experiments for SsSs and SsWs and found their corresponding local COR eL.
Table 2.6: Experimental stiffness values
Type Linear Stiffness (N
m
) Nonlinear Stiffness ( N
m1.5
)
Ss 2.825 x 10
7 3.27 x 109
The stiffness ratios for the SsS1 and SsW1 are 52.85 and 37.16, respectively.
Now, since we have the rK values we use the curve fit relationship in Eqn. (2.29)
to find the number of segments of the softer material jS that are needed to
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estimate the B-C COR. The number of segments are needed for SsS1 is jS = 32
and for SsW1 is jS = 33. We choose jS = 32 and jH = 4 for SsS1 in the
S-H category and jS = 33 and jH = 6 for SsW1 in the H-S category and
run the numerical simulation to calculate the theoretical eG. Choosing these
segmentation values, the theoretical eG is 0.847 and 0.53 for SsS1 and SsW1,
respectively.
In addition, we conduct the B-C collision experiments for the SsS1 and
SsW1 and find the corresponding e¯G values. The B-B and B-C COR values
are listed in Table 2.7. The percentage error between the theoretical and
experimental B-C COR are 0.24% and 4.2% for SsSs and SsWs, respectively.
Table 2.7: Experimental COR values with the small balls
Type B-B
SsSs 0.91 ± 0.065
SsWs 0.65 ± 0.036
Type B-C1
SsS1 0.85 ± 0.01
SsW1 0.55 ± 0.037
To further verify our methodology, we confirm whether the number of seg-
ments given by Eqn. (2.29) are indeed error saturation points for the two cases
we considered. Figure 2.14 depicts the theoretical prediction of the B-C COR
as a function of the number of segments of the softer material. For the SsS1
case, Fig. 2.14a shows the B-C COR prediction as we vary the number of seg-
ments of the softer material (solid curve). Here, the dashed horizontal line is
the experimental B-C COR. The vertical dashed line is the jS found by using
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Eqn. (2.29). As one can see, that the theoretical B-C COR saturated in the
neighborhood of jS = 32 as expected. Similarly, Fig. 2.14b depicts the SsW1
collision case. As one expects, the theoretical prediction curve flattens out at
approximately jS = 33.












Figure 2.14: COR versus the number of segments of the softer material
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Chapter 3
Planar Impacts in Hybrid Chains of Cylinders and Balls
3.1. Introduction
Multibody dynamics is the study of systems consisting of multiple bod-
ies [79]. It can be understood as systems with multiple bodies where their
interaction is governed by external forces, geometric and kinematic constraints
[79–81]. When the bodies are in contact, the system of interconnected bodies
experiences changes in velocities and accelerations. As a result of the colli-
sion event, the velocities of the colliding bodies experience jump discontinu-
ities [110,113]. Multibody impacts exist in a variety of engineering applications
including robotics [83], biomechanics [84], and railway design [85]. Developing
analytical solutions to predict the post collision velocities of the colliding bod-
ies in multibody systems possess difficulties and unanswered questions [24,116].
The first approach of solving the multiple impact problem is based on
the use of the impulse momentum method and the coefficient of restitution
(COR) [14]. Han and Gilmore proposed an algorithmic procedures to solve the
multibody problem involving multiple collisons [96]. The three ball problem
was considered by Brogliato [125]. He recommended using the local compliance
at the impacting bodies. Ermolin and Kazakov proposed an enhanced method
for multiple collision problems based on the impulse momentum method [128].
In addition, the method allowed inelastic collisions with energy loss. Fur-
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thermore, their work demonstrated the cases of two and three dimensional
impacts. Ceanga and Hurmuzlu used the impulse momentum method to solve
the multiple impact problem [24]. They proposed a new constant called the
impulse correlation ratio, which relates the impulses in the chain. This phe-
nomena depends on the sequence, mass distribution, geometric and material
properties. A closed form solution of the maximum compression impulses is
obtained by solving the momentum equations. They conducted a large set of
collision experiments of three, four, five, and six balls impacts. Walkiewicz and
Newby solved the multiple impact problem of three balls [94]. Their solution
was based on the conservation of momentum and energy principles.
The second approach is based on the compliance methods, where springs
are added at the contact points of the interacting bodies. Newby also inves-
tigated the three ball problem by adding springs and conducted parametric
analysis to investigate the effect on the post-impact velocities [98]. Liu et al.
proposed a new method that can handle multibody collisions in multibody
systems based on the nonlinear Hertz contact model [108,129]. The method is
designed to predict the post-impact velocities of the multiple impact problem.
They used a distribution law which relates the energy dispersion by mapping
the time scale into the impulsive scale. Stronge studied the chain reaction
impact problem of a linear chain of three balls [102]. In his work, he used the
bilinear compliant contact force model with plastic deformation. In addition,
he defined the local wave speed, which depended on the local contact stiffness
and the mass of the adjacent bodies.
Several authors considered the collision problem with cylinder. Hurmuzlu
developed an energy based discretization method for the collision of bars on
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external surfaces [59]. The proposed solution allowed accurate prediction of
the post-impact velocity of the impacting bar. Stoianovici and Hurmuzlu
studied the collision of rigid bars on external surfaces [67]. They discovered
unusual variation in the COR as a result of changing the pre-inclination angle.
Auerbach studied the ball and rod collision problem [68]. In his work, he
concluded that colliding balls is same as colliding rods if the balls and rods radii
are the same. Belyaev et al. studied the longitudinal impacts on a thin rod by
a body and studied wave propagation using finite element method and elastic
Hertz contact force model [74]. YuFeng and DeChao analyzed the collision of
a particle colliding a rod attached to a spring [75]. They stated that both the
wave equation and elastic Hertz contact force model produced the same results.
Wang et al. investigated the collision of elastic bars and beams on massless
springs [76]. They studied the effect of the coefficient of restitution for this
type of collisions. Their analysis concluded that the coefficient of restitution is
only dependent on the stiffness ratio and independent of the incident velocity.
In this chapter, we solve the multiple impact problem of Balls (B) and
Cylinders (C). We consider three, four, and five body impact problems. We
use different diameter sizes of the balls and cylinders. Furthermore, three
different types of materials are used including: steel, wood, and rubber. We
conduct the Ball-Ball (B-B) collision experiments of all collision pairs of the
same and different type of materials and obtain their corresponding COR val-
ues. Then, we conduct the multiple impact collision experiments and obtain
their pre- and post-impact velocities. We propose a discretization method and
utilize the bimodal Hertz contact force model at the contacting segments. At
the contacting segments, we employ the experimental B-B COR values to ac-
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curately predict the post-impact velocities of the multiple impact problem. In
our previous work, we found that by segmenting the softer material results in
a good prediction of post-impact velocities. Here, softer is defined as material
with lower stiffness than the hard material. In addition, we obtained a rela-
tionship between the stiffness ratio and the number of segments of the softer
material for Ball-Cylinder (B-C) collisions. In the present study, we use this
relationship to calculate the number of segments of the colliding bodies in the
chain such that we obtain the greatest agreement of the post-impact velocities.
3.2. Experimental Setup
In this study, we focus on direct central impact of balls and cylinders. For
that purpose, we built a frame that produces direct central impacts for the
collision experiments (see Figs. 3.1-3.3).
Figure 3.1: Three-body collision experimental setup
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Figure 3.2: Four-body collision experimental setup
Figure 3.3: Five-body collision experimental setup
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As seen in Figs. 3.1-3.3 the colliding bodies are suspended by adjustable
strings that are attached to the adjustable upper rail of the frame. This
provides a proper adjustment of the bodies to achieve a direct central impact on
the horizontal plane. In addition, the wires are connected in v-formation, and
the height of the cables is carefully selected to avoid unwanted wobbling and
energy losses. Each experiment is initiated by dropping the ball from an initial
height while the other body is resting in its lowest position. The release height
is adjusted to achieve different pre-impact velocities. The release mechanism
consists of an electromagnet that can release the ball with a turnable switch.
Reflective markers are placed at the center of mass of each of the colliding
bodies for position tracking. A high speed Sony camera with 960 frames per
second capability is positioned on a tripod. The tripod is aligned with the
center of mass of the bodies. In addition, it is placed sufficiently close to
achieve better video resolution and to reduce visual distortion.
The captured videos are transferred to a personal computer for video pro-
cessing and digitization. The video analysis and digitization is performed by
first capturing the positions of the colliding bodies in each video frame. Subse-
quently, the captured position data are used to determine pre- and post-impact
velocities by numerical differentiation of the position data. The position data
is first smoothed by applying filtering in order to cancel any noise present.
Mainly, three types of materials have been selected for the experimental
study for balls and cylinders. These materials include: steel (S), wood (W),
and rubber (R). All balls used consist of multiple diameter sizes. The cylinders
consist of two diameter sizes per material and the same length for all materials.
The cylinder diameters are 0.0254 m and 0.0508 m. Table 3.1 shows the masses
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and geometric values of the balls and cylinders. Note that the subscripts
indicate the diameter size and the superscript indicates whether its a ball (b)
or a cylinder (c).
Table 3.1: Masses and geometric values















After obtaining the pre- and post-impact velocities of the B-B collision
experiments, one can measure the kinematic coefficient of restitution by taking
the negative of the relative velocity ratio before and after the impact. Table 3.2
summarizes the average experimentally measured COR values for all B-B (e¯)
collision experiments.
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Sb2 0.92 ± 0.05 0.67 ± 0.071 0.70 ± 0.073
Wb3 0.63 ± 0.059 0.78 ± 0.041 0.69 ± 0.031
Rb2 0.68 ± 0.024 0.68 ± 0.067 0.74 ± 0.047
Conducting theoretical study necessitates the estimation of the stiffness
values of the colliding bodies. In order to achieve the measurements of the
stiffness values of each ball and cylinder, a compression testing machine is
used. We use the Instron 5967 material testing machine to perform the stiff-
ness analysis testing. We conduct multiple loading-unloading compression
cycles. The output raw data consist of displacement and force measurements.
Subsequently, multiple force-displacement plots are obtained for each mate-
rial and configuration. Then, an averaged stiffness is found by averaging the
slope of the force displacement curve. After plotting the force-displacement
data, we obtain the corresponding curve fit equations. In addition, we use
two curve fit equations to obtain the linear and Hertzian stiffness values. Ta-
ble 3.3 summarizes the experimentally measured stiffness values for all balls
and cylinders.
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Table 3.3: Experimental stiffness values
Type Linear Stiffness (N
m
) Nonlinear Stiffness ( N
m1.5
)
Sb1 2.825 x 10
7 3.27 x 109
Sb2 3.7655 x 10
7 4.3335 x 109
Wb1 4.33 x 10
5 2.176 x 108
Wb2 4.4 x 10
5 2.339 x 108
Wb3 6.948 x 10
5 3.642 x 108
Rb1 1.4645 x 10
4 5.4 x 105
Rb2 2.5735 x 10
4 9.5105 x 105
Sc1 5.3445 x 10
7 6.157 x 109
Wc1 1.05 x 10
7 5.321 x 109
Rc1 7.8365 x 10
4 4.043 x 106
Sc2 3.7 x 10
8 4.27 x 1010
Wc2 3.145 x 10
7 1.592 x 1010
Rc2 5.438 x 10
5 2.8 x 107
3.3. Problem Description
The main objective of the present study is to investigate the multiple im-
pact problem of balls and cylinder and investigate the post-impact outcomes
of the colliding objects. We develop a mechanism to calculate the post-impact
velocities of the multiple impact problem in a chain of balls and cylinders. The
dynamics of the collision event of the balls and cylinders are represented by a
discretization method. We employ the B-B COR to model the collision event
at the contacting segments. In addition, we use the bimodal Hertz contact
force model with plastic deformation. Then, we calculate the post-impact ve-
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locities of all collision pairs and compare the theoretical prediction with the
experimentally measured results.
3.3.1. Generalized B-B-C
We consider the generalized three-body Ball-Ball-Cylinder (B-B-C) model
shown in Fig. 3.4. First, let’s assume that the two balls are of the same ma-
terial and size. Hence, they have the same radius and geometric properties.
Here, the two balls and cylinder are divided into j1, j2, and j3 equal segments,
respectively. Each internal segment in the balls and cylinder is connected with
linear internal springs (Ki). At the two contacting regions, the external non-
linear collision stiffnesses of the balls (Keb ) and cylinder (K
e
c ) are incorporated.
The external collision stiffnesses are used to model the contact forces between
the two balls (~Fc1), and ball and cylinder (~Fc2), respectively. The segment’s
































Figure 3.4: General discrete B-B-C model
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1 ≤ i ≤ j1
mb
j2
j1 + 1 ≤ i ≤ j1 + j2
mc
j3
j1 + j2 + 1 ≤ i ≤ N
(3.1)
where, mb and mc are the total masses of the balls and cylinder, respectively.
The total number of segments is N = j1 + j2 + j3.
The segments of each of the colliding bodies are connected together with
their respective internal springs. We define the stiffnesses of the internal
springs of the balls and cylinder as follow:
Kib,1 = Kb(j1 + 1) (3.2)
Kib,2 = Kb(j2 + 1) (3.3)
Kic,3 = Kc(j3 + 1) (3.4)
where, Kb and Kc are the overall linear stiffnesses of the balls and cylinder,
respectively. We define the relative displacement (δi) of each internal spring
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of the balls and cylinder as:
δi =

xi−1 − xi + 2Rbj1 1 < i ≤ j1
xi−1 − xi + 2Rbj2 j1 + 1 < i ≤ j1 + j2
xi−1 − xi + Lcj3 j1 + j2 + 1 < i ≤ N
(3.5)
The generalized form of the second order differential equation of each seg-
ment can be written as follows:
mix¨i +K
i(δi+1 − δi) = 0 (3.6)




x˙−b,1 1 ≤ i ≤ j1
0 j1 + 1 ≤ i ≤ j1 + j2
0 j1 + j2 + 1 ≤ i ≤ N
(3.7)
where, x−b,1 is the pre-impact velocity of the striking ball, while the ball in the
middle and cylinder are resting.
Now, at the end of the collision event, the center of mass post-impact





















where, x˙+i is the post-impact velocity of each segment. Note, that the
second index in the subscript indicates the arrangement in the chain.
We use the Hertz contact force model with plastic deformation to solve
the multiple impact problem [33,58,108,109,127]. In addition, we incorporate
the B-B COR (e¯) to represent the energy dissipation between each colliding
pair. Figure 3.5 depicts the force displacement curves of the Hertz contact
force model with plastic deformations. The energy losses are given by the net
work done in deforming the objects in the compression and restitution phases,
which are shown as the two enclosed areas under the force displacement curves.
From Fig. 3.5, δ, δp, KC , and KR are the relative displacement, permanent
indentation, and collision stiffnesses during the compression and restitution
phases, respectively. In addition, at the maximum compression δm and Fm are







Figure 3.5: B-B-C force displacement curves
The contact forces ~Fc1 and ~Fc2 during the compression and restitution











KR,23(δc,23 − δp,23)n Restitution Phase
(3.12)
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During the collision event, the relative contact displacements at the con-
tacting segments are expressed as:














The collision stiffnesses during the compression phase at the contacting

















In order to relate the collision stiffnesses variation during the restitution
phase, one needs to use the energetic definition of COR at the contacting









where, WC and WR are the work done during the compression and restitution
phases, respectively. Now for the first contacting segments, the work done
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Substituting Eqns. (3.19),(3.20) into Eqn. (3.17) yields the collision stiffness





The maximum contact force can be obtained from Eqn. (3.11) as follows:
Fm,12 = KC,12(δm,12)
n (3.22)
Fm,12 = KR,12(δm,12 − δp,12)n (3.23)











Following the same procedure for the second contacting segments, the resti-
















The local energy losses can be expressed as:
El,12 = WC,12 +WR,12 (3.27)
El,23 = WC,23 +WR,23 (3.28)
Note, the same procedure is applied for the four and five-body problems.
3.3.2. Segmentation Process
In our previous work, we considered Ball-Cylinder (B-C) impacts of the
same and different types of materials. We used the largest size diameter of
the balls and all diameter sizes of the cylinders (see Table 3.1). We conducted
all collision pairs of the same and different types of materials. We developed
a discretization method to calculate the B-C COR based on the B-B COR of
the same pair. We categorized our B-C collision experiments into three cate-
gories including collision experiments of the same material, Hard-Soft different
materials (H-S), and Soft-Hard different materials (S-H). Here, soft is defined
as material with lower stiffness than the hard material. Our simulation runs
showed that segmenting the softer material resulted in a good prediction of the
B-C COR. We obtained the minimum average percentage error (APEm) of the
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B-C COR. We chose the number of segments of the softer material that cor-
responded to the APEm. These number of segments represented a saturation
point beyond which increasing segmentation does not affect the percentage
error. The number of the segments of the harder material was found to be
jH = 4 for the S-H and jH = 6 for the H-S collisions. Then, we found a
relationship between the stiffness ratio (rK) and the number of segments of





where, KiS and K
i
H are the internal stiffnesses of the soft and hard materials,
respectively.
Then, we plotted the number of segments of each collision pair versus the
corresponding stiffness ratio. Figure 3.6 shows the number of segments of the
softer material versus the stiffness ratio for all collision pairs. An empirical
curve fit of the data (Regression value R = 0.89) was found, which is shown
as the solid curve. The curve fit equation was found to be as follows:
jS = a (rK)











Figure 3.6: Stiffness ratio versus the number of segments
Here, we use this relationship between each B-C pair in the chain to esti-
mate the post-impact velocities. One can follow these steps to find the number
of segments of each of the colliding bodies in the chain:
1. For a given chain, look at balls and cylinders that are in contact and
treat them as individual sets.
2. For each set, compute the stiffness ratio rK and calculate the number of
segments of the softer material in the set based on Eqn. (3.30).
3. If the set is H-S, then jH = 6, otherwise, jH = 4.
4. If there is more than one candidate of jS, choose the maximum value of
jS.
77
5. For the case of two balls in contact with each other and only one of them
is in contact with the cylinder, the number of segments of the two balls
are equal.
Let’s consider the example of five-body chain combination of B-C-C-B-B shown
in Fig. 3.7. Here, we have two different sets. For the first set, j1 = 6 and
rK1 = 1.44. By using Eqn. (3.30), the number of segments for j2 = 38.
Similarly, for the second set, j4 = 4 and rK2 = 11.3, which gives j3 = 37. In
addition, the number of segments of j5 equal to j4.
Set 1 (H-S) Set 2 (S-H)S2𝑏𝑏 R2𝑐𝑐 R1𝑐𝑐 W3𝑏𝑏 W1𝑏𝑏
𝑗𝑗1 𝑗𝑗2 𝑗𝑗3 𝑗𝑗4 𝑗𝑗5
Figure 3.7: Example of five-body chain combination
3.4. Numerical Simulation and Results
In this section, we analyze the theoretical post-impact outcome results
of three, four, and five-body collisions. In addition, for each collision set,
we use the corresponding experimental B-B COR and pre-impact velocities.
Also, we follow the segmentation procedure explained earlier to determine
the number of segments of each of the colliding bodies. Then, we compare
the experimental post-impact velocities with the theoretically computed ones.
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First, we define percentage error of the post-impact velocity of each body










where, x˙+i and ˙¯x
+
i are the theoretical and experimental post-impact veloc-
ities of each body, respectively.
For the three-body collisions, we use the largest diameter of the same pair of
balls and both diameter sizes of the cylinders. Furthermore, the arrangements
in the chain are B-B-C and B-C-B forms. Table 3.4 summarizes the APE of
all B-B-C collisions. Here, the average of the APE of the first, second, and
third groups are 4.2%, 3.7%, and 2.2%, respectively.
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2 0.0527 -0.003 0.0047 0.0188 4.05
Table 3.5 shows the APE of all B-C-B collisions. The average APE of
each of the three groups are 3.63%, 4.87%, and 1.94%.
80

































































































2 0.0643 -0.0112 0.0171 0.027 2.13
For the four-body collisions in Table 3.6, we use multiple sizes of the balls
and cylinders. The arrangements in the chain are in the form of B-C-B-C. The
average APE of all collision combinations is approximately 4.81%.
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1 0.174 -0.0764 0.01234 0.0131 0.0224 4.54
Finally, the five-body problem consists of different combinations of the ar-
rangements in the chain. Thus, all cylinders and balls diameter sizes are used.
Table 3.7 depict the five-body collision combinations of balls and cylinders.
The average APE of all of the five-body collision combinations is approxi-
mately 6.17%.















































1 0.115 -0.0524 0.00789 0.01276 0.01389 0.0141 7.2
The APE of each collision combination of the three, four, and five-body











































































































































































































































































Figure 3.11: Five-body system APE
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Chapter 4
On Uniqueness and Existence of Solutions to Multiple-Contact Collisions of
Planar-Particle Based Kinematic Chains
4.1. Introduction
The impact problem of linear kinematic chain has been the focus of many
researchers in the field of robotics. The importance of this class of impact prob-
lems arises in the modeling and simulation of robotic systems such as robotic
manipulators and locomotion robots (i.e bipedal mechanisms), to name a few.
Three main approaches exist to solve the general impact problem including
rigid body [114], the soft laws [115], and the continuum mechanics equations
for the entire system [97]. In this chapter, however, we consider the impact as
rigid one. Solving rigid body collisions dates back to Newton. Newton stated
that the ratio of the relative velocities of two colliding masses before and after
the impact has a constant value called the coefficient of restitution. Presently,
the coefficient of restitution has different definitions [1, 116].
Kane and Levinson observed that in the presence of friction, Newton’s def-
inition fails to satisfy the energy conservation principle [1, 21, 116]. In 1818,
Poisson proposed the kinetic definition of the coefficient of restitution. He di-
vided the collision period into two phases: compression and restitution. Thus,
the coefficient of restitution is represented by the ratio of the accumulated nor-
mal restitution impulse and the normal compression impulse. In 1855, Morin
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used Poisson’s definition to show that the tangential contact forces at the con-
tact point can be related using Coulomb’s friction law. Routh used the same
definition to present a new graphical method for solving the 2D inelastic col-
lision problem [3,130,131]. Kane used Routh’s method to analyze the ground
impact of a compound pendulum. As a result, an inconsistency in the energy
level was observed [132]. The method can lead to loss of energy even when the
coefficient of restitution was unity. Stronge introduced the energetic definition
of the coefficient of restitution [63]. He defined the square of the coefficient of
restitution as the ratio of the energy released during the restitution phase to
the energy absorbed by the deformation during the compression phase.
Multi-body impact problems falls into two categories. The first category
is impacts that involve a sequence of contacting masses with simultaneous
internal collisions [108,121,126,133–139]. The second category is a kinematic
chain with one end striking an external surface while other ends rest on other
external surfaces. The second category is often seen in robotic systems. For
example, one leg of a bipedal robot encounters an impact due to a heel strike
of the swing leg, while the foot of the stance leg rests of the walking surface.
Hurmuzlu and Moskowitz studied the role of the ground periodic impacts to
achieve the locomotion stability of a bipedal system [112,119,120]. Hurmuzlu
and Chang developed a methodology to solve the problem of multi-contact
points of a planar kinematic chain [111].
Pereria and Nikravesh [27] studied the impact of the compound double
pendulum using the kinematic definition of the coefficient of restitution. In
addition, they studied the impact dynamics and the dry friction effect of the
open and closed loop mechanical systems. Ahmed et al. [140] presented the
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impact of two kinematic chains with each other. In their research, the Poisson’s
definition was used to avoid the energy paradox. However these analyses
involved only one impact point but no external contact points. Hurmuzlu and
Marghitu used all three definitions of the coefficient of restitution to compare
the outcomes of ground impact for one end of the chain striking an external
surface while other ends rest on other surfaces (n-point impact) in 2D and
3D problems [1, 116]. They compared three approaches for a specific example
of a planar three-link kinematic chain with two contact points. Tavakoli et
al. presented the impact problem of a two-mass system called ”Baton” [124].
They studied the effect of the baton’s length and the external surface angle
on the impulse correlation ratio [117]. Tavakoli and Hurmuzlu presented the
locomotion of a family tree of dynamical systems [118,141]. They studied the
two-point impact problem with a single contact for one, two and three-mass
systems.
As we discussed above, the n-point impact problem was considered before
by Hurmuzlu and his co-workers. Yet, in their work, they have presented a
solution but never proved analytically the uniqueness and existence of the pos-
sible solutions. In this chapter, we consider the n-point impact problem. Such
problems may arise in robotics for multi-legged robots (quadrupeds, hexapods,
and spiders) or when one finger of a robotic multi-fingered hand strikes a sur-
face while the other fingers are resting on the other surfaces. We prove an-
alytically the uniqueness and existence of the solution for the n-link general
problem.
Thus, the main contribution of this chapter is development of the solution
for the n-point impact of a planar rigid particle open chain mechanism with
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multiple external surfaces and analytical proof of uniqueness and existence
of solutions. In addition, we present precise conditions to detect the critical
configurations of the chain. When the chain has a critical configuration, the
normal velocity and impulse at a contacting end become simultaneously equal
to zero.
4.2. Problem Description
The main problem can be described as a general chain that is in contact
with multiple surfaces. The impact takes place at one of these contacting
points (an impacting mass). Prior to the impact, k masses are in contact with
other external surfaces (contacting masses). The relative normal velocities
among the contacting masses and the respective external surfaces are zero prior
to the impact event. The impact causes the contacting masses to either detach
(rebound) from or remain in contact with the respective contact surfaces.
Effect of gravity is neglected following the assumption that gravitational forces
are much smaller than the ones generated by impact.
Figure 4.1 represents a general particle kinematic chain with multi-contact
masses. Here, the overall chain consists of linear branches. Each branch
consists of two types of primitive building units: a single-mass with a built-in
revolute joint and a massless connection rod. The length of each rod is Li.
As far as the kinematics are concerned, the masses in the chain are either
contacting or non-contacting masses. Also, the general chain mechanism may
have one or more combinations of contacting and/or non-contacting branches.
A non-contacting branch is defined as a sequence of non-contacting masses.
While a contacting branch is a sequence of masses that start and/or end with
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contacting masses. The general open chain mechanism may have one or more
combinations of the contacting and/or non-contacting branches. Based on the
chain structure in Fig. 4.1, we define the first contacting-mass on the surface
(S1) as the base mass, the position of this mass is given by (x1, y1). The
position of the base mass is chosen as the origin of the reference frame of
the chain. The impact is initiated by the last mass in the branch striking an
external surface (Simp), called the impacting mass with non-zero velocity. The
subscript of each mass in the chain has four components; the first one indicates
whether the branch that has the mass is a contacting (c) or a non-contacting
branch (nc). Whereas, the second component of the subscript indicates the
order of the branch within the chain. The third component indicates whether
the mass itself is a contacting (c) or a non-contacting mass (nc). Whereas, the
fourth component indicates the position of a particular mass with respect to
the first mass in the branch. Thus, the position of any mass in the chain can be
described by using the generalized coordinates vector {x1, y1, θ1, · · · , θn−1}T .
Here, the angles {θ1, θ2, · · · , θn−1} are absolute angles measured in the counter-
clockwise direction from the positive x-axes.
Hurmuzlu and co-workers proposed a numerical method to solve impact
problems of this class [1, 111, 116]. The method is based on enumerating all
possible outcomes at a contacting ends and then obtaining all the correspond-
ing mathematical solutions. Once all possible mathematical post impact solu-
tions were obtained, the physically consistent ones were identified by checking
the conditions at the contacting ends.
Specifically, at each of the contacting ends, we imposed two possible con-







































































Figure 4.1: Multiple-Contact, Planar, Particle Based Chain
impulse Fˆi,yi was equal to zero. All permutations of such constraints for k ends
yields 2k mathematical solutions. The next step, was to check the feasibility
of the resulting solution set. A mathematical solution was feasible if and only
if one of the following conditions was true for all contacting ends:
Condition I: if Fˆi,yi = 0 is imposed then Vi,yi ≥ 0
Condition II: if Vi,yi = 0 is imposed then Fˆi,yi ≥ 0
All mathematical solutions that violated both conditions at the contacting
ends were eliminated. The main question was whether this process is guaran-
teed to yield a unique feasible solution. In [1], the uniqueness and existence
of the solutions were shown for only few specific examples by using numeri-
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cal methods. In the present work, we analytically prove the uniqueness and
existence of the solutions for the class of impact problems considered in this
chapter.
What follows is the development of equations to prove the existence and
uniqueness of the solutions. The summary of the approach is to first express
the angular velocities, normal and tangential velocities and impulses at the
contacting ends, the tangential velocity and impulse at the impacting point in
terms of the normal impulse at the impacting point.
Although it will not be presented in this chapter, one can use the energetic
coefficient of restitution to calculate the final value of the normal impacting
impulse. This final value of the impulse will be substituted in the relevant
equations to obtain the solution to the impact problem.
4.3. Development of the Impact Equations
The classical representation of the dynamics of a robotic mechanism with
n revolute joints can be represented as [142]:





+ D(x,φ) F (4.1)
where, x = (x1, y1, θ1, . . . , θn−1)T is the (n + 1) × 1 dimensional vector of the
generalized coordinates, n is the number of masses in the chain, θi is the
absolute rotation measured in the counter clockwise from the horizontal as
shown in Fig. 4.1, x˙ = (x˙1, y˙1, θ˙1, . . . , θ˙n−1)T is the (n + 1) × 1 dimensional
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vector of the generalized velocities, x¨ = (x¨1, y¨1, θ¨1, . . . , θ¨n−1)T is the (n+ 1)×
1 dimensional vector of the generalized accelerations, M(x) is the positive
definite symmetric (n + 1) × (n + 1) mass matrix, C(x, x˙) is the (n + 1) × 1
the centripetal vector, G(x) is the (n+ 1)×1 vector of gravity terms, T is the
(n− 1)× 1 generalized vector of joint moments, φ = (φ1, φ2, . . . , φk, φimp)T is
the inclination angle vector of surfaces, D(x,φ) is the (n+1)×2k matrix, and
F = (F x1 , F
y









T is the 2k × 1 vector of contact forces.
Here, the superscripts x and y denote the tangential and normal components,
respectively.











On the other hand, the general kinematic expressions for the normal and
tangential components of the linear accelerations of the contacting ends of the
chain can be written as:
a = H1(x) x¨ + H2(x, x˙) (4.3)
where, a = (a1,x, a1,y, . . . , ak−1,x, ak−1,y, ak,x, ak,y)T is the 2k×1 acceleration
vector, and two matrices H1 and H2 are the general forms of the correspond-
ing components of the normal and tangential accelerations [1]. Combining
Eqn. (4.2) and Eqn. (4.3) yields,
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Proceeding along the lines of Keller’s method [1, 7], we eliminate the non-
impulsive terms from Eqn. (4.4) (the first term and the first three terms be-
tween the braces). Furthermore, assuming that the generalized coordinates
do not change during impact, we let the generalized position vector be the





−1D(x¯,φ) F = Γ(x¯,φ) F (4.5)
where, V is the velocity vector of the contacting points of the chain and Γ(x¯,φ)
is a constant 2k × 2k matrix that depends on pre-impact positions, masses,
rod’s lengths, and inclination angles of the contact surfaces. Additional equa-
tions can be obtained by considering the relative motions of the contacting
ends with respect to their respective surfaces [1].
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where, η ≡ τimp,yimp is the normal impulse at the impacting point (in order to
simplify the notation).
Once the accelerations at the contacting points are defined from Eqn. (4.5),
the general form of contact forces and accelerations of the contacting masses










We should note that the vectors Ψ1 and Ψ2 do not depend on η (please
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We integrate Eqn. (4.9) to get :
τ (η) = Ψ1(x¯,φ)(η − η0) + τ0 (4.10)
V (η) = Ψ2(x¯,φ)(η − η0) + V0 (4.11)
where, η0, V0, and τ0 represent the respective initial conditions. These equa-
tions express the normal impulses and velocities at the contacting ends in the
terms of the normal impulse at impacting end (η). Yet, the uniqueness and
existence of the solution have never been proven in [1], this is given in follow.
4.4. Normal Impulse and Normal Velocity Relationship of the
Contacting Mass
In general, the post collision outcome at a contacting mass can be obtained
as a function of the impacting impulse. In this chapter, we use linear and angu-
lar momentum equations to analytically derive the relationships among normal
velocities and normal impulses at contacting points. As a result, by solving
the linear and angular momentum equations, we can write the outcome of any
contacting mass (mi) in terms of the impacting impulse and the impulses that
may arise from the contribution of the other contacting masses in the chain.
Equations (4.12) and (4.13) show the general form of the normal velocities and
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0 ξ1,2 . . ξ1,k
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where, the components of α and β are vectors, ξ and γ are functions of
the generalized coordinates x, y, the masses mi, the link lengths Li, and the
surfaces inclination angles φi and coefficient of friction µ. Also, k is the number
of the contacting masses in the chain. As a result, α and β vectors, and ξ and
γ matrices. An impulse (F˜k) shown in Fig. 4.1 represents the contribution of
the impacting mass, which is in contact with the surface Simp to the impulse
of the contacting mass mk. In fact, the general relationship between the two
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vectors in Eqns. (4.12) and (4.13) can be written as:
< Fˆy(η),Vy(η) >= 0, Fˆy(η),Vy(η) ≥ 0 (4.14)
where, <,> is the ”dot product” between the two vectors. This is a comple-
mentarity relation between normal impulse and normal velocity vectors in η
domain.
Now, for a linear chain mechanism, where no branches exist (the case
of multiple branches will be presented later in Theorem 2 below). This is
the simplest impact problem of a linear chain, which one contacting and one
impacting mass (only one closed-segment). Then for this case, Eqns. (4.12)
and (4.13) reduce to:
Vi,yi(η) = αi η (4.15)
Fˆi,yi(η) = βi η (4.16)
Theorem 4.1. Let Co be a sub-chain (closed segment) in a general linear chain
mechanism. Where, Co starts with a contacting mass (mk) and ends with
an impacting mass (mimp). Then, the solution of the multi-contact problem
always exists and the contacting mass outcome is either a positive normal
velocity or a positive normal impulse. The critical configurations are certain
geometric configurations where the impulse of the impacting mass (mimp) is
not transmitted to the contacting mass (mk). At the critical configuration both
of the contacting mass outcomes Fˆi,yi(η) and Vi,yi(η) are equal to zero. Critical
configuration happens when:
1. For any θi − θi+1 = pi/2, where k ≤ i < imp. In the other words, the
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angle between two connecting rods becomes pi/2.
2. If sin(θk − φk) = 0, where θk is the angle between the contacting mass
mk and the next mass mk+1.
At the critical configurations, the contribution of the impact impulse to the
normal contact quantities vanishes. Moreover, after the critical configuration
the outcome of the contacting mass is changed. If the mass has a positive
normal post impact velocity ( αi > 0 ) before the critical configuration, then
this will be changed to a positive normal impulse ( βi > 0 ) and vice versa is
correct.
Proof. Figure 4.2 shows a section of n-link chain. The theorem can be proved
by following the next steps:
1. The solution of the system always exists since the mass matrix M is
always invertible. As a result, the solution of the problem depends on
the contacting conditions.
2. Since the dot product of the vectors Fˆy(η) and Vy(η) is always zero,
then the outcome of any contacting mass can be either a positive normal
impulse or positive normal velocity.
3. The linear momentum equation in the y-direction for the entire closed
chain (see Fig. 4.2) can be written as:
Fˆ1,y(η) + η cos(φimp) = m1 V1,y(η) +
imp−1∑
i=1
mi+1L∆θ˙i cos (θi) (4.17)
where, ∆θ˙i = θ˙
+
i − θ˙−i . We can use the angular momentum equation to
write ∆θ˙i. From the kinematic relationship, we can write the velocity of
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each mass as a function of the velocities of the previous masses. Then,
the velocity (vi+1) of any mass (mi+1) is given by:
vi+1 =
(




vi,y + L cos(θi) ∆θ˙i
)
jˆ (4.18)
where, iˆ, jˆ and kˆ are the unit vectors in x, y and z directions, respectively.
Then, we can write the angular momentum of the partitioned sub-chain
in Fig. 4.2 about the mass mi+2, where the first two terms are the angular
momentum of the contribution impulses on mass mi, the second two
terms are the angular momentum of mass mi and the third two terms
are the angular momentum of mass mi+1 about mass mi+2 :
f˜i,x(η)L(sin(θi) + sin(θi+1)) + f˜i,x L(cos(θi) + cos(θi+1)) +
mi L(vi,x(sin(θi) + sin(θi+1)) + vi,y(cos(θi) + cos(θi+1))) +
mi+1 L (vi,x sin(θi+1) + vi,y cos(θi+1)) +
mi+1 L
2 ∆θ˙i (sin(θi) sin(θi+1) + cos(θi) cos(θi+1)) = 0 (4.19)
where, f˜i(η) is the internal impulse reaction at joint i. Using the following
trigonometric identity:
cos(a) cos(b) + sin(a) sin(b) = cos(a− b) (4.20)
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As we know the reaction impulses (f˜i,x, f˜i,y) are functions of the normal
impulse at the impacting end (η), we can write ∆θ˙i as
∆θ˙i =
f (mi, L, V1,y(η), V1,x(η), η)
sin (θi+1) sin (θi) + cos (θi+1) cos (θi)
=
f (mi, L, V1,y(η), V1,x(η), η)



































































Figure 4.2: A Section of the Linear Chain
4. The tangential velocity (V1,x(η)) of the contacting mass m1 can be writ-
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sin (θ1 − φ1) (4.22)
By substituting Eqns. (4.21) and (4.22) into Eqn. (4.17), then the normal
velocity and impulse of the contacting mass can be written as:
αV1,y(η) + β Fˆ1,y(η) =
imp−1∏
i=1
sin (θ1 − φ1) cos (θi+1 − θi) f2 (mi, φ1, φimp, L) η (4.23)
where, α and β > 0. Since the chain gets closed at impact points, we
assume that θimp = θimp−1. At the critical configuration, the right hand
side of Eqn. (4.23) equals to zero, then we can rewrite Eqn. (4.23) as:
αV1,y(η) + βFˆ1,y(η) = 0 (4.24)
Then,
αV1,y(η) = −β Fˆ1,y(η) (4.25)
The only solution for Eqn. (4.25) is V1,y(η) = Fˆ1,y(η) = 0. Otherwise,
they will have different signs, and this conflicts Eqn. (4.14). As a result,
at the critical configuration both of V1,y(η) and Fˆ1,y(η) are equal to zero.















Figure 4.3: General Chain Mechanism
when there are one contacting and one impacting masses. In a general linear
chain, the chain may have one or more closed segments with more than one
contacting mass. We assume that the impact takes place only at one mass.
Consequently, we can apply the theorem at each linear branch in the general
linear chain to predict the critical configurations associated with that chain.
Figure 4.3 shows a chain with more than one closed segment. Firstly, we
start by applying theorem 4.1 for the linear branch that associated with the
impacting mass. Based on the notations in theorem 4.1, the sub-chain in
Fig. 4.3 is Co = 3 . Also, mk in theorem 4.1 is mc,2,j in Fig. 4.3. We call
the critical configuration associated with the linear branch 3 the impacting
critical configuration. At this point, the impulse at the contacting mass mk is
zero. Moreover, at the impacting critical configuration, the impacting impulse
will not be transmitted through the contacting mass mk to the other contacting
mass. If the subchain 3 is not at the critical configuration, then the impact
impulse may be transmitted through the mass mk to the other contacting in
the chain. In this case, we apply the same theory to the subchain 2 , and 1 .
103
Theorem 4.1 can be extended from a linear chain to a general chain where
the chain may have more than two branches at each mass. The general chain
can be divided into sub-linear chains (branches), and the critical configuration
can be defined for each linear branch. The same procedure, which is used to
extended theorem 4.1 to multi-contact case, can be used to extend the theo-
rem for a general chain with multi-contact masses. Theorem 4.2 generalizes
theorem 4.1 to a general chain.
Theorem 4.2. Each contacting mass in a general chain may have one or more
critical configurations. At these points, the contacting mass has zero normal
impulse and zero normal velocity. These critical configurations can be found
by dividing the general chain into linear branches and applying theorem 4.1.
Thus, we can find the critical configurations between the impacting mass and
any contacting mass in the chain.
Proof. Theorem 4.1 can be applied for a general chain by using the same
procedure that we developed for the multi-contact case in a linear chain. We
can apply theorem 4.1 for any linear branch in the main chain. We starts with
the linear branch that is associated with the impacting mass, branch 1 in
Fig. 4.4. At the critical configuration of that branch, the impact impulse will
not be transfered to any point beyond mass (mc,imp,nc,j). We call this critical
configuration, the critical impacting point. If we have a positive impulse F˜k
at mass (mc,imp,nc,j) in 1 , then we can find the critical configuration for the
new linear branch 2 . Similarly, we apply theorem 4.1 at the branch 2 and
we can get the critical configuration for the contacting mass (mc,k,c,1). The


































































Figure 4.4: General Chain Mechanism with multiple contacting points
branch 2 are the critical configurations of the contacting mass (mc,k,c,1). If we
have any of them then the impulse of the impacting will have no contribution
to the contacting mass (mc,k,c,1). The same procedure can be performed to get
the critical configurations of the other contacting mass in the chain.
4.4.1. Three-Mass system
The three-mass system is a simplified model of several engineering and
robotics systems. The biped robot is a well known example of the three-mass
system. In this section, we use the angular and linear momentum principles to
depict the critical configuration of the three mass system. In this section, we
discuss the impact of the three-mass system with an external surface. First we
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start with a flat surface, then we discuss the problem with different external
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Figure 4.5: The Three-Masses Chain.
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4.4.1.1. Three-Mass System with a Single Flat Surface
The goal of this analysis is to find the critical configuration ∆θc. We can
find the critical configuration by solving the linear and angular momentum
equations to find the normal contacting impulse as a function of the impacting
impulse. The geometric constraint θ2 = −θ1 is used since this is the condition
when the impact takes place. In this condition, Ly equals to zero in Fig. 4.5a.
The relation between the normal velocity and normal impulse of the contacting
mass is:
αV1,y1(η) + βFˆ1,y1(η) = sin
2 (θ1) cos (θ1 − θ2) f3 (L,m1,m2,m3)η
= sin2 (θ1) cos (2θ1) f3 (L,m1,m2,m3)η (4.26)
Thus, two kinematic configurations lead to zero normal velocity of the
contacting mass :
1. θ1 = 0 this indicates that θ2 = 0.
2. θ1 = 45
◦ and thus θ2 = −45◦, or in another words ∆θc = θ1 − θ2 = 90◦.
4.4.1.2. Three-Mass System with two Parallel Level Surfaces
When impact takes place and the impacting mass m3 and the contacting










where, Ly is the elevation difference between two parallel surfaces shown in
Fig. 4.5a.
Thus, we solve the set of the linear and angular momentum equations with
the kinematic constraint in Eqn. (4.27) . Given these, the normal velocity of
the contacting mass is:












Generally, the critical configurations arises when the difference between θ1
and θ2 (∆θc) is 90
◦, or when θ1 is 0◦.
4.4.1.3. Three-Mass System with an Inclined Surface
Figure 4.5b shows the inclined surface case of the impact for the three-mass
system. We use the same procedure that we developed in the previous sections
with a condition that:
2∑
i=1




Li cos (θi)− Lx
)
(4.29)
where, Lx is the length from contact mass to the end of the flat surface. Solving
the momentum equations with the constraint in Eqn. (4.29) shows coefficient
of the impacting impulse always equals to zero when:
1. θ1 is 0
◦
2. The difference between the two angles equals to 90◦ (∆θc = θ1 − θ2 =
90◦).
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In summary, the analytical results agree with theorem 4.1. The contribu-
tion of the impacting impulse to the contacting outcome is vanished at the
critical configuration.
4.4.2. Five-Mass System
In this section, we consider the five-mass linear closed kinematic chain
system on an inclined surface. The complexity of the problem becomes more
fundamental as we have one impacting, one contacting, and 3 non-contacting
masses. The objective is to theoretically show that for the five-mass system,
we can have multiple critical configuration as we have more masses in the













Figure 4.6: The Five-Mass Chain
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The geometric constraint equation of the five-mass system is as follow:
4∑
i=1




Li cos (θi)− Lx
)
(4.30)
Based on the system configuration in Fig. 4.6 and by using Eqn. (4.23), we
have the following:
αV1,y1(η) + βFˆ1,y1(η) = sin
4 (θ1) cos(θ2 − θ1) cos(θ3 − θ2) cos(θ4 − θ3)
f5 (L,m1,m2,m3,m4,m5, φ)η (4.31)
From Eqn. (4.31) the possible critical configurations are enumerated below:
1. θ1 is 0
◦
2. The difference between the angles θ1, and θ2 is equal to 90
◦ (∆θc1 =
θ1 − θ2 = 90◦).
3. The difference between the angles θ2, and θ3 is equal to 90
◦ (∆θc2 =
θ2 − θ3 = 90◦).
4. The difference between the angles θ3, and θ4 is equal to 90
◦ (∆θc3 =
θ3 − θ4 = 90◦).
In general, three possible scenarios for the critical configuration can exist.
We conclude that at least one of the three conditions has to occur to satisfy
the critical configuration solution. However, multiple conditions can happen
at the same time as well.
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4.5. Experimental Set-up
We design an experimental setup to verify the theoretical outcomes ob-
tained previously in the chapter. Figure 4.7 depicts a photograph of the ex-
perimental setup. We built a three-mass kinematic chain with two connecting
rods of equal lengths. The three masses are the contacting, impacting, and
connecting joint masses, respectively. The connecting mass is designed such
that it forms a revolute joint connection. In addition, every rod moves inde-
pendently from one another and we assume that friction is negligible. The
joint is boxed in a metal housing with known dimensions. The top of the
metallic housing contains four parallel, adjacent, and equally spaces holes.
Four metallic hooks are installed into each of the four holes to provide proper
suspension of the chain. The frame design includes a horizontal variable bar
with two adjustable rails. For every pair of parallel hooks a string is suspended
and passed from one end of one of the upper rails through the parallel hooks,
then suspended at the other end of the upper rail. The same scheme is applied
to the other upper rail, and the two parallel hooks. The suspension mecha-
nism provides useful means of accomplishing successful planar collision and
to minimize wobbling during the experiments. The release mechanism of the
impacting mass consist of an electro-magnet with a closing switch to provide










Figure 4.7: Experimental Setup
The detection of the detachment and non-detachment from the surface of
contact is accomplished by designing two separate electrical circuits. One for
the contacting and another for the impacting mass. We use an oscilloscope,
power source, and signal cables to acquire and record the electrical signals.
Furthermore, when a mass is in contact with the respecting surface the circuit
is closed. Otherwise, when the contact is severed, the circuit will be open.
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Figure 4.8: Geometric properties of the three mass chain
Figure 4.8 depicts the geometric properties of the three mass kinematic
chain. The contacting and impacting masses have a diameter of 5 cm and
mass of 544 grams. Each rod has a length of 28 cm from the pin joint to the
outer surface of the contact and impact masses. The diameter of each rod is
1cm. The contact and impact masses are drilled and tapped for connection
with the rods. The housing box of the non contacting mass is designed with
a length of 7.5 cm, and the height and width are 4 cm each.
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4.6. Experimental Verification
In this section, we present the outcomes of the experimental study. The
first set of collision experiments considers impacts on a flat surface where the
contacting, and impacting masses lie on a single flat surface. The second set
consists of collision experiments on a plane with a variable inclination angle.
For the collision experiments on an inclined plane, the contacting mass lies on
the flat surface, while the impacting mass strikes the inclined plane. We exper-
imentally show the detachment of the contact mass from the surface of contact
for different drop angles. For the first set of the collision experiments on a flat
surface, Figure 4.9 depicts the theoretical, and experimental prediction of the
detachment/non-detachment of the contact mass for all ∆θ. The theoreti-


















Figure 4.9: Flat surface experimental and theoretical prediction of the detach-
ment of the contact mass
The theoretical prediction for the flat surface collisions shows that the
critical configuration, which separates the detachment from non-detachment
regions is at ∆θtc = 90
◦. For the collision experiments with different drop
angles it can be shown that the critical configuration is reached approximately
at ∆θec = 88
◦, where the difference from the theoretical prediction is equal
to 2◦. The detachment of the contact mass is experimentally verified by the
electrical circuit such that prior to impact the circuit is closed. When the
contact mass detaches from the contact surface the electrical circuit opens,
and voltage suddenly drops. This provides means to properly and accurately
detect the detachment of the contact mass for all ∆θ.
Figure 4.10 depicts two cases of the flat surface collision experiments. Fig-
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ure 4.10a shows the detachment case for the 70◦ drop angle. One can see the
detachment of the contact mass as the voltage drops at the end of the colli-
sion event. On the other hand, when the critical configuration is reached, the
contact mass doesn’t rebound from the surface (see Fig. 4.10b).
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(a) ∆θ = 70◦.


















(b) ∆θ = ∆θc = 88
◦.
Figure 4.10: Flat surface experimental readout for detachment of the contact
mass.
Similarly, for the second set of collision experiments on an inclined surface,
Fig. 4.11 depicts the detachment of the contact mass for all ∆θ.
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Figure 4.11: Inclined surface experimental and theoretical prediction for the
detachment and non-detachment of the contact mass
For the collisions on an inclined wall the theoretical prediction shows that
the critical configuration is reached when ∆θtc = 90
◦. After performing the
collision experiments on the inclined surface it was shown that the critical
configuration is reached when ∆θec = 91.3
◦, a deviation of 1.3◦ from the theo-
retical prediction. For the collision sets on the inclined wall we can observe the
regions separating the detachment, and non-detachment of the contact mass
at the 90◦ (see Fig. 4.11).
Figure 4.12 depicts the experimental readout of the oscilloscope for the
detachment of the contact mass from the flat surface. Figure 4.12a shows the
detachment case for 60◦ angle. After the collision event is over the contact mass
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detaches from the surface and voltage drops. Figure 4.12b, however, depicts
the case of 91.3◦. By observation, one can see that the contact mass doesn’t
rebound from the surface, which satisfies the critical configuration condition.
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(a) ∆θ = 60◦.


















(b) ∆θ = ∆θc = 91.3
◦
Figure 4.12: Inclined surface experimental readout for detachment of the con-
tact mass for 25◦ inclination angle
Five additional inclination angles are experimentally studied including: 5◦,
10◦, 15◦, 20◦, and 25◦. The objective is to experientially show that varying the
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inclination angle has no effect on the critical configuration. Figure 4.13 depicts
the experimental critical configuration compared to the theoretical one. We
note that zero inclination angle corresponds to the impact on a flat surface.
In addition, for all collision experiments on both flat and inclined surfaces, the
mean value and the standard deviation of the critical configuration are 91.3◦
and 1.705◦ respectively.














In this dissertation, we presented solution methods for solving the two and
multibody impact problems. In addition, we solved the rigid body collision
problem of planar kinematic chains with multiple contacts with external sur-
faces. In the first chapter of the dissertation, we presented a literature review
on the topics presented in the dissertation.
In chapter two, we developed a method to calculate the COR for the B-C
collisions. We conducted a set of experiments for the B-B and B-C collisions
and obtained the corresponding experimental kinematic COR. We used three
different materials including: steel, wood, and rubber. We discovered unex-
pected variations between the experimentally measured B-B and B-C CORs of
the same collision pairs. This also showed that the COR was not necessarily
related only to the local compliance. We proposed a discretization method
to investigate the variation between the B-B and B-C CORs. We used three
models to calculate the B-C COR based on the local B-B COR. These models
are: rigid body, bimodal linear, and bimodal Hertz.
Furthermore, for each material and configuration, we ran stiffness analysis
tests and obtained the corresponding experimental stiffness values. Based on
the experimental data, we categorized the collision pairs into three categories:
identical material, Hard-Soft, and Soft-Hard. Here, the concept of hardness is
strictly related to the stiffness of the colliding body. Based on the simulation
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results, we found that the bimodal Hertz model produced the most accurate
outcomes. Then, we investigated the effect of the number of segments on the
B-C COR for each category. For identical materials, when we simultaneously
increased the number of segments of the balls and the cylinders, the percentage
error between the experimental and theoretical B-C CORs decreased. Recall-
ing that the ball is the softer member, increasing the number of segments
of the ball does leads to better error outcomes. Meanwhile, for a Hard-Soft
pair, increasing the number of segments of the softer member (cylinder) again
caused the percentage error to drop. Increasing the segmentation of the ball,
however, did not have an effect on the experimental errors. For Soft-Hard pair,
increasing the number of segments of the ball decreased the percentage error,
but increasing the number of segments of the cylinder did not have an effect.
Based on these results, we concluded that in all cases, increasing the number
of segments of the softer material leads to smaller experimental errors.
In addition, we conducted numerical simulations for all collision pairs. The
number of segments jS was varied between 1 to 50 and jH was varied from
1 to 10. For each iteration of jH , we calculated the average percentage error
(APE) of all six combinations in each category. Subsequently, the minimum
average percentage error (APEm) of the B-C COR for each category was
found. Then, we fixed jH that corresponded to APEm. Finally, we obtained
a relationship between the stiffness ratio and the number of segments of the
softer material. Then, a curve fit equation for this relationship was found. This
relationship was used to identify the minimum number of segments needed to
achieve APEm for a particular B-C collision. We conducted two additional sets
of collision experiments to validate the obtained relationship and the proposed
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method. The percentage error between the theoretical and experimental B-C
COR for the two addition sets of experiments were 0.24% and 4.2%.
In chapter three, we developed a method to calculate the post-impact ve-
locities of balls and cylinders connected in a chain. We conducted sets of B-B
experiments and obtained their kinematic COR. In addition, we conducted the
collision experiments for three, four, and five-body chains and obtained their
pre- and post-impact velocities. We used three main types of materials includ-
ing: steel, wood, and rubber. We proposed a discretization method that can
be used to accurately calculate the post-impact velocities of each of the collid-
ing bodies. We used the bimodal Hertz contact force model and employed the
B-B COR between the contacting pairs to compute the post-impact outcomes
of the colliding bodies in the chain.
In addition, we conducted stiffness analysis tests and obtained the cor-
responding experimental stiffness values for each material and configuration.
Based on our previous work of B-C collisions, we discovered a relationship,
which related the stiffness ratio and the number of segments of the softer ma-
terial. In addition, this relationship allowed us to determine the number of
segments required to estimate the B-C COR for a given collision pair. In the
present work, we used this relationship to determine the required number of
segments of the softer material for any ball and cylinder connected in a given
chain. The segmentation procedure allowed the best post-impact velocity out-
comes. We applied the segmentation procedure on three, four, and five-body
chains.
For the three-body chain of B-B-C, we performed the numerical simulation
runs and the average APE of all collision combinations was approximately
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3.4%. For B-C-B, however, the average APE of all collision pairs was about
3.5%. For the four-body chain of B-C-B-C, we performed the numerical sim-
ulation runs for all collisions and the overall average APE was approximately
4.81%. Finally, for the five-body chain, we used different combinations of the
balls and cylinders arrangements. The average APE of the five-body chain
was 6.17%.
In chapter four, we considered the rigid body collision of a general planar
kinematic chain with external surfaces. The linear and angular momentum
principles with a set of complementary equations were used to study the prob-
lem. In this type of problem, one mass of the chain, called the impacting
mass, strikes an external surface. Meanwhile, k other contacting masses of the
chain are in unilateral contact with other arbitrary external surfaces. The col-
lision causes each contacting masses either to interact with or bounce off their
respective surfaces. First, we showed that the conditions which define detach-
ment of interaction are well-defined and produce unique solutions, In addition,
for each contacting mass, there are specific chain configurations, called critical
configurations, where the two conditions are simultaneously true.
We applied the proposed methods to obtain critical configurations of two
numerical examples: a three- and a five-mass chains. Finally, we experimen-
tally verified the existence of critical configurations for a three-mass chain on
flat and inclined surfaces with different inclination angles.
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